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Abstract 

In this paper we extend the notion of speciaHzation functor to the 
case of several closed submanifolds satisfying some suitable conditions. 
Applying this functor to the sheaf of Whitney holomorphic functions 
we construct different kinds of sheaves of multi-asymptotically devel- 
opable functions, whose definitions are natural extensions of the defi- 
nition of strongly asymptotically developable functions introduced by 
Majima. 
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Introduction 



Asymptotically developable expansions of liolomorphic functions on a sector 
are an important tool to study ordinary differential equations with irregular 
singularities. When we study, in higher dimension, a completely integrable 
connection with irregular singularities along a normal crossing divisor H = 
Hi U ■ ■ ■ U Hi C X, it is known that these asymptotic expansions are too 
weak for this purpose. Hence M. Majima, in |10| . introduced the notion 
of strongly asymptotically developable expansion along H for a liolomorphic 
function defined on a poly-sector S, and the one of consistent family of 
coefficients to which / is strongly asymptotically developable. 

We can understand these notions from a view point of a locally defined 
multi-action. For each smooth submanifold Hf^ (k = 1,2, ... we can 
locally identify X with the normal bundle Th^X of H^ near H^. A conic 
action on Th^X by M"*" induces a local action on X near Hj.. Then a poly- 
sector S on which / is defined can be regarded as a multi-cone with respect 
to a multi-action /ii, . . . , )U£ in the sense that it is an intersection of open 
sets Vk {k = 1,2, . . . ,t) where each is a (locally) conic subset with respect 
to the action and its edge is contained in H^- A strongly asymptotically 
developable expansion of / is, roughly speaking, a formal Taylor expansion 
with respect to an orbit generated by these actions /^i, . . . , ^ii. 

Hence, from this point of view, one can expect that strongly asymptoti- 
cally developability extends to that along a more general H. As a matter 
of fact, we have succeeded to construct the sheaves of multi- asymptotically 
developable functions along several kinds of H by the aid of a multi-action, 
whose definitions are natural extensions of the one introduced by H. Majima 
in [lOj. These sheaves contain, as important cases, not only that of strongly 
asymptotically developable functions but also that associated with a multi- 
cone which appears in a bi-normal deformation introduced by P. Schapira 
and K. Takeuchi in [l6] . 

Now an important problem is to establish relations between these sheaves 
on different spaces along different kinds of H, to be more precise, we need 
to construct operations such as inverse images including restrictions and 
direct images for these sheaves. For that purpose, we need a uniform ma- 
chinery allowing us to treat geometries associated with these multi- act ions. 
Namely, we need the notion of multi-normal deformation and the one of 
multi- specialization introduced in this paper, which are our main subjects. 

Let us briefly explain these new notions. 

Let X be a n-dimensional real analytic manifold with dimX = n, and let 
X = {Ml, . . . ,Mi} be a family of connected closed submanifolds satisfying 
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some suitable conditions. The multi-normal deformation of X with respect 
to X- We first construct the normal deformation Xm^ of X along Mi defined 
by M. Kashiwara and P. Schapira in [6]. Then taking the pull-back of M2 we 
can obtain the normal deformation Xmx,M2 of along to M2. Then we 
can define recursively the normal deformation along x as X = Xmx,...,Mi ■~ 
{Xmi ... Mt_i)~ ■ This manifold is of dimension n-\-£, it is locally isomorphic 
to X X and in the zero section X x {0} it is isomorphic to 

X TM^i{Mj) := TmAMi) x TmAM2) x • • • x TuA^t), 

X,l<j<£ J X XX 

where i{Mj) denotes the intersection of the M^'s strictly containing Mj (or 
X if Mj is maximal). There is also an action of (M+)^ on X, which is obtained 
as a natural extension of the M+-action of the normal deformation with re- 
spect to one submanifold. Its restriction to the zero section will be crucial for 
the definition of multi-asymptotic functions. There are also natural notions 
of multi-cone and multi-normal cone extending the one of P. Schapira and 
K. Takeuchi, which will be the key to understand the geometry of the sections 
of the multi-specialization functor. Given a morphism of real analytic man- 
ifolds / : X — )• y, we are also able to extend / to a morphism f : X Y. 
This is done by repeatedly employing the the usual construction of a mor- 
phism between normal deformations, i.e. we extend / to /i : Xmi Yni, 
then we extend /i to /i^2 : Xmi,M2 ~^ ^7Vi,Af2- Then we can define recursively 
/ : X y by extending the morphism : Xm^,...,Mi-i "^A^i.-.-.A^^-i 

to the normal deformations with respect to and respectively. This 
morphism enable us to make a link between different kinds of multi-normal 
deformations. As a kind of example, desingularization map makes a link 
between the normal deformation with respect to a normal crossing divisor 
and the bispecialization of P. Schapira and K. Takeuchi. 

Once we have constructed the multi-normal deformation, we are able to 
extend the definition of the specialization functor to the case of several sub- 
manifolds. Roughly speaking, it is a functor associating to a subanalytic 
sheaf on X a subanalytic sheaf on x Tm i-{Mj). We perform all this 

constructions in the subanalytic setting in order to treat sheaves of func- 
tions with growth conditions. Given a morphism of real analytic manifolds 
/ : X — 7- y we give conditions for the commutation of the direct and inverse 
images with respect to the multi-specialization functor. 

When we apply the multi-specialization functor to the subanalytic sheaf of 
Whitney holomorphic functions we obtain the sheaf of multi-asymptotically 
developable functions along x ^-iid, outside the zero section in the normal 
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crossing case, the sheaf of strongly asymptotically developable functions of 
H. Majima. When we apply the multi-specialization functor to the suban- 
alytic sheaf of Whitney holomorphic functions vanishing up to infinity on 
Ml U • • • U M£ (resp. Whitney holomorphic functions on Mi U • • • U Mg) 
we obtain the sheaf of flat multi- asymptotically developable functions (resp. 
consistent families of coefficients) along x- The vanishing of the of fiat 
multi-asymptotically developable functions allows us to prove a Borel-Ritt 
exact sequence for multi- asymptotic functions. 

The paper is organized in the following way. In Section [T] we introduce the 
notion of multi-normal deformation. In Section [2] we define the multi-action 
of {R+Y on the zero section of X. In Sections [3] and |4] we give the definitions 
of multi-cone and multi-normal cone which are essential to understand the 
sections of the multi-specialization. Morphisms between multi-normal defor- 
mations and their restriction to the zero sections are studied in Section \E\ 
The functorial construction is performed in Section |6] with the definition of 
the multi-specialization functor and its relations with the functors of direct 
and inverse image. In Section[7]we define the sheaves of multi-asymptotically 
developable functions along x whose functorial nature is proved in Section 
[HI where we apply the multi-specialization functor to the subanalytic sheaf 
of holomorphic functions with Whitney growth conditions. 

We end this work with an Appendix in which we introduce the category 
of multi-conic sheaves. Using o-minimal geometry we construct suitable 
coverings of subanalytic open subsets which are helpful in order to study the 
sections of multi-conic sheaves. 

1 Multi-normal deformation 

Let X be a real analytic manifold with dimX = n, and let x = {-^i) • • • j ^i} 
be a family of ^-closed submanifolds in X {i > 1). We set, for N & x 

peN, 

NRp(iV) := {Mj ex; P ^ Mj, N ^ Mj and Mj ^ N}. 
Let us consider the following conditions for x- 

HI Each Mj € x is connected and the submanifolds are mutually distinct, 
i.e. Mj / Mj> for j / /. 
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H2 For any TV G X and N with NRp(iV) / 0, we have 

(1.1) j fl TpMA+TpN = TpX. 

\MjgNRp(Ar) / 

Note that, if x satisfies the condition (ll.ip . the configuration of two subman- 
ifolds must be either 1. or 2. below. 

1. Both submanifolds intersect transversely. 

2. One of them contains the other. 
We set, for N e Xi 

X There exists no Mj € x with ^ Mj 

n Mj Otherwise. 



When there is no risk of confusion, we write for short l{N) instead of Ly.{N). 

Since TMji{Mj) is contained in the zero section TxX if Mj satisfies Mj = 
L{Mj), we assume the condition H3 below for simplicity. 

H3 Mj + t{Mj) for any j G {1, 2, . . . , i}. 

Proposition 1.1 The following conditions are equivalent. 

1. The family x satisfies the condition (II. ip . 

2. For any p ^ X, there exist a neighborhood V of p in X, a system of 
local coordinates (xi, . . . in V and a family of subsets {Ij}^j=i 
the set {1, 2, . . . , n} for which the following conditions hold. 

(a) Either 4 C Ij, Ij C h or 4 n /-,• = holds {k,j G {1, 2, . . . 

(b) A submanifold Mj G x with p G Mj {j = 1,2, . . . , i) is defined by 
{xi = 0; i G /j} in V. 

Proof. Clearly 2. implies 1. We will show the converse implication. We 
may assume, by taking V sufficiently small, p G Mj for any j. We set, for 

Nex, 

d{N) := max {k; N = Mj, g M,, g • • • g M,, , M,, , . . . , M,, G x}, 
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and 



d{x) := max{(i(iV); N G x}- 



We show the lemma by induction with respect to d{x)- Clearly the equiv- 
alence holds for a family x with d{x) = 1- Let us consider x with d{x) = 
K > 1, and suppose that 1. =^ 2. were true for any x with d{x) < k. Let Li, 
. . . , Lm denote the least elements in x with respect to the partial order C 
of sets. 

For each k = 1,2, ... ,m, we will determine defining functions fk^i, ■ ■ ■ , 
fk,i^. of the submanifold in the following way. Set, for any € Xj 



Since we have d{xLk) < n (k = 1,2, . . . ,m), and since the family XL^ also 
satisfies the condition 1. of the proposition, by the induction hypothe- 
sis, there exist local coordinate functions {ipk,ii • • • > '^k,n) that satisfies the 
condition 2. for the family XL^- Then, for k = 1,2, ... ,m, we take defin- 
ing functions {/a;,i, . . . , fk,ik} o^ so that they contain all the coordinate 
functions ipk,i which vanish on Lk- 

As Lj' € NRp(Lj) holds for 1 < j ^ j' < m, it follows from the condition 
(|Lip that we have 

A dfk,i ^ near p. 

l<k<m, l<i<ik 

Therefore the family of these functions {fk,i} can be extended to a system 
of local coordinates near p, for which we can easily verify 2. of the lemma. 
This completes the proof. □ 

Let X he a n-dimensional real analytic manifold and let x = {-^ii • • • j M^} 
be a family of smooth closed submanifolds of X satisfying (jl.ip . First recall 
the construction of the normal deformation of X along Mi. We denote it 
by Xmi and we denote by ti € M the deformation parameter. Let ^Imi = 
{ti > 0} and let us identify s~^(0) with TmiX. We have the commutative 
diagram 




(1.2) 



TmiX 




M 



X. 



Set CImi = {(,x,ti) ; ti ^ 0} and define 



Ma := {pM^ 



)-iM2. 
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Then M2 is a closed smooth submanifold of Xmi- Now we can define the 
normal deformation along Mi , M2 as 

Xmi,M2 '■= ■ 

Then we can define recursively the normal deformation along x as 

X = Xmi,...,Mi '■= {Xmi,...,M(_i)'^^- 

Set S = {ti,...,te = 0}, M = flLi Mi and n = {h, . . . ,te > 0}. Then we 
have the commutative diagram 

(1.3) s^^x^n 

p 

M >X 

In local coordinate let . .Ii C {1, . . . , n} such that Mj = {x^ = ; A; G 
li}. Set 

where ti, . . . ,t£ G M and tj. = 1 if Jj = 0. Then p : X ^ X is defined by 

{Xi, ...,Xn,ti,...,ti)>-^ {tjiXi, . . .,tj„Xn). 

We are interested in the bundle structure of the zero section 

S ■= {ti = ... = ti = 0} CX. 

Let us consider the canonical map TMjt{Mj) — > Mj ^ X , j = 1, . . . ,£, we 
write for short 



instead of 



X Tm^i{Mj] 
x,i<j<e ' 



TmAMi) X TmAM2) X • • • X TMA^e) 

X X X 



Proposition 1.2 Assume that x satisfies the conditions H1-H2-H3. Then 
we have 

(1.4) S~ X TmAMj). 

x,i<j<e ' ^ 
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Proof. Let X be a copy of X, and (/? : X — t- X a local coordinate trans- 
formation near p ^ X. We set Mj = ip{Mj). We may assume that X = M" 
(resp. X = M") with coordinates (xi, . . . ,Xn) (resp. (xi, . . . , i;„)), and ip 
is given by Xj = ^^iixi, . . . , Xn) {i = 1,2, ... , n). Moreover, by Proposition 
ll-H we may also suppose that there exist a family of subsets {IjYj^^ of 
{1,2,... ,n} that satisfies 2. (a) and 2. (b) of Proposition 11.11 for the both 
coordinate systems. 

Let Jfc C {1, 2, . . . ,i} (k = 1,2, . . . ,n) denote the set 

(1.5) {je{l,2,...,i};k€lj}. 

For a subset J of {1,2, ...,£}, we set tj := Yltj if J is non-empty and 
tj:=l[lJ = 0. 

Then, outside of tit2 . . .ti = 0, the coordinate transformation between 
multi-normal deformations 



{x\, . . . ,Xn; h,. . . ,ti) (xi, ... ,Xn; ii, ■ ■ ■ ,id 



is given by 



ijkXk = ^k{tj^xi, tj^X2, tj„Xn) (fc = 1, 2, . . . , n), 
h = h {j = l,2,...,l). 



For any A; G |J /j, we set 



As the condition 2. (a) of Proposition II. H is equivalently saying that 

Ij n Iji Ij <Z Iji or Iji C /,-, 

the set {Ij-, k € Ij} is totally ordered with respect to "C", and I(k) is its 
minimal element. Hence, for any k € U -(j'> there exists j{k) € {1, 2, . . . ,i} 

such that I{k) = Ij(k)- By expanding ipk{xi, . . . ,x„) along the submanifold 
Mj(^l^-j, we obtain 



ipk{xi,...,Xn) = ^ 



dxi 



Xi + 



M. 



92 



2 . . ^ ^ dxi^dxi2 



8 



as (^jklMj(fc) = holds. Then we get 



dfk 
dxi 



2 . . d^i-t dxir. 



M, 



We can easily see Jk Q Ji for any i G Ij{k)- Indeed, this follows from the 
facts 

j G Jk and i G Ijij-^ =^ k G Ij and i G /(fe) = //j 

^> i G Ij ^> j G J,. 
Therefore, by letting t — 0, we have 



difk 



Xj. 



M 



where M := P| Mj. Now we claim, for A; G |J Ij, 

1<3<1 i<j<i 

{i G Jk = Ji} = {ie {1,2, . . . ,n}; j(A;) =i(i)} , 

which is proved in the following way: We first prove the implication (^). 
Assume that i satisfies j{k) = which implies i G = Ij(k)- We have 
already proved the fact Jk ^ Jj for i G Ij(k)- Therefore it suffices to show 
Ji C Jk- Let /3 G Jj. Then, as i G /^g, we have k G = C from 
which P E Jk follows. 

The converse implication comes from 



PeJk 



I. 



We divide the set |J Ij C {1, 2, , 

the equivalence relation "i ~ <^=^ 
class B, we obtain 



. . , n} into equivalent classes {Ba} by 
= j{k)". Then, for an equivalent 



Xi 



E 

keB 



dfi 
dxk 



Xk 



for i G B. 



M 



We denote by Eb the vector bundle over M defined by the above equations 
where its fiber coordinates are given by x^'s {k & B). Then, by the above 
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observation, 5 is a direct sum of bundles -Eb's over M. Note that, since each 
equivalent class can be written in the form 

^j{k) \ I U 1 = Ijik) \ I [j 

for some j{k) G {1,2,...,/} with A; G |J Ij, the bundle Eb is isomorphic 

i<j<i 

torM,(,,t(M,(fc)) xM. 

For any j e {1,2, . . . , £}, the set 



is not empty by the condition H3, and it gives an equivalent class of [J ij/ ~ 

i<j<e 

Further it follows from the condition HI and H2 that we get 

Hence we have obtained that is a direct sum of bundles TM-UMj) x M 

^ X 

{j = 1,2, . . . .£). This completes the proof. □ 



Example 1.3 Let us see three typical examples of multi-normal deforma- 
tions. 

1. (Majima) Let X = f~ R"^ as a real manifold) with coordinates 
{zi,Z2) and let x = {Mi,M2} with Mi = {zi = 0} and M2 = {z2 = 0}. 
Then x satisfies H1-H2-HS. We have Ii = {I}, h = {2}, Ji = {!}, 
J2 = {2} (mM.'^, if zi = (.Ti,X2) and Z2 = {xz,X4) we have Ii = {1,2}, 
/2 = {3,4}, Ji = J2 = {1}, J3 = J4 = {2};. The map p : X ^ X is 
defined by 

{zi,Z2,ti,t2) ^ {tiZi,t2Z2). 

We have /-(Mi) = t(M2) = X and then the zero section of X is iso- 
morphic to Tm^X X Tm^X. 

2. (Takeuchi) Let X = with coordinates {xi,X2,x^) and let x = 
{Mi,M2,M3} with Ml = {0}, M2 = {x2 = X3 = 0} and M3 = {^3 = 
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0}. Then x satisfies H1-H2-H3. We have h = {1,2,3}, h =J2,3}, 
^3 = {3}, Ji = {1}, J2 = {1,2}, Js = {1,2,3}. The map p : X ^ X 
is defined by 

{xi,X2,X3,ti,t2,t3) ^ itlXi,tit2X2,tit2t3X3). 

We have i{Mi) = M2, i{M2) = M3, ^(Ma) = X and then the zero 

section of X is isomorphic to T/\,f, M2 x Tm^M^ x Tm-^X. 

X X 

3. (Mixed) Let X = with coordinates (xi, X2, 2:3) anc? let x = {Afi, Af2, -^3} 
with Ml = {0}, M2 = {x2 = 0} and M3 = {X3 = 0}. Then x satisfies 
H1-H2-H3. We have h = {1,2,3}, h = {2}, h = {3}, Ji = {1}, 
J2 = {1, 2}, J3 = {1, 3}. The map p : X X is defined by 

{xi,X2,X3,ti,t2,t3) ^ {tiXi,tit2X2,tit3X3). 

We have l{Mi) = M2 H M3, l{M2) = l^Ms) = X and then the zero 
section is isomorphic to Tmi{M2 M3) x T/v/j-^ x Tm-^X . 

2 Multi-action 

Let X be a real analytic manifold and let x = {Afi, M2, . . . , Mg} be closed 
submanifolds. In what follows, we always assume that x satisfies the condi- 
tions H1-H2-H3. Consider the diagram (ll.3p . There is a (M+)^ action 

^ : X X {R+Y X 

which is described in local coordinate system by 

((Xi, ...,Xn,ti,.. .,ti), (Ci, . . . ,C£)) 1-^ (cj^Xi, . . .,Cj^Xn, 

More precisely, the j-th component of the action is given by 

flj . ((xi , . . . , Xji , tl , . . . , ) , Cj ) I y I C\jX\ , . . . , CnjXfi, ^1 , . . . , , . . . , 

V Cj 

where Cij = cj if z G Ij and Cij = 1 otherwise. 

First we consider the actions on X which are compatible with those on 
X TMAMa)- Set 

X,l<a<l 

J^j^^ ■= {a e {1, 2, ... , £}; M„ D Mj, there is no /3 with 2 D Mj } 
J^j^,j^ ■= {a G {1, 2, . . . M„ C Mj, there is no f3 with £ Mf^ C Mj } 
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Note that, by the conditions, the set JcMj either is empty or consists of only 
1 index. 

Using the actions Hj for j = 1, 2, . . . , ^, we define the action Tj(A) : X ^ X 

by 

r,(A):=/x,(A) J] /^M^"') (i = 1, 2, . . . , 
On the zero section x TMa^'i^a) of X^ the action t;(A) coincides with 

X,l<a<l 

Conversely, we can recover the original actions {yUj} by {tj} in the follow- 
ing way. 

hW-= n ^«(^) (i = i,2,...,/). 



Hence both multi-actions on X associated with {nj} and {tj} are equivalent. 

Example 2.1 Lei us see some example of multi-actions. 

1. (Majima) Let X = C'^ with coordinates (^1,^2) o,nd let Mi = {zi = 0} 
and M2 = {z2 = 0}. Then 







tl t2 


^ci 2:1,02^2 








' Cl ' C2 


I-)- 


(Azi,Z2, A" 


^tl,t2) 




(^1) AZ2, tl, 





2. (Takeuchi) Let X = mt/i coordinates {xi,X2,X3) and let Mi = {0}, 
M2 = {x2 = X3 = 0} and M3 = {xs = 0}. Then 

IJ, : {xi,X2,X3,ti,t2,t3) ( CiXi,CiC2X2,CiC2C3Xs,—,—,— ] 

\ Cl C2 C3J 

Tl : {xi,X2,X3,ti,t2,t3) (Aa:i,X2,X3, A"Hl, At2,t3) 

r2 : (xi,X2,a;3,ti,t2,t3) ^ {xi, XX2, X3,ti, X~^t2, Xts) 

T3 : {xi,X2,X3,ti,t2,t3) l-> (xi,X2, Aa;3,ti,t2, A"H3). 
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3. (Mixed) Let X = with coordinates {xi,X2,X3) and let Mi = {0}, 
M2 = {X2 = 0} and M3 = {xs = 0}. Then 

f , , ^ f h t2 ts 

IJ. : {Xi,X2,X3,ti,t2,t3) ^ ( CiXi,CiC2X2,CiC3X3, — , — , — 

Tl 
T2 
T3 



Cl C2 C3 

(a;i,a;2,X3,ti,t2,t3) i-^- (Axi, X2, X3, A~Hi, At2, At3) 

(xi,X2,X3,ti,t2,i3) ^ Ax2,X3,ti, A"H2,i3) 

(xi,X2,X3,ii,i2,i3) (xi,X2, Ax3,ii,i2, A'^s). 



3 Multi-cones 

Let q & Pi Mj and = (g; ^j) be a point in TMji{Mj) (j = 1,2, ... 
i<j<e 

We set 

p = pix...xpie X TM.i{Mj), 
X X x,i<j<e ^ 

and pj = {q\ ^j) G '^Mj^ designates the image of the point pj by the 
canonical embedding Tjvf^,z.(Mj) ^ Tm^X. We denote by Cone^ j(p) (j = 
1,2, ... ,i) the set of open conic cones in {TMjX)q ~ ^n-dimMj ^^isit contain 
the point |j G {Tm X)^ ~ j^n-dimAf,^ 



Definition 3.1 VFe say that an open set G C {TX)q is a multi-cone along 



X with direction to p & I x TM-UMj) if G is written in the form 

\x,i<j<e ' Jg 

i<j<e 

where iTj^g : {TX)q — > {TMjX)q is the canonical projection. We denote by 
Cone;;^(p) the set of multi-cones along x with direction to p. 

Example 3.2 We now give three typical examples of multi-cones. 

1. (Majima) Let X = with coordinates (^1,^2) and let Mi = {zi = 0} 

and M2 = {z2 = 0}. Then Cone^(p) for p = (0, 0; 1, 1) is nothing but 
the set of multi sectors along Zi U Z2 with their direction to (1, 1). 

2. (Takeuchi) Let X = with coordinates (xi,X2,X3) and let Aii = {0}, 
M2 = {X2 = X3 = 0} and M3 = {x3 = 0}. For p = (0, 0, 0; 1, 1, 1) G 
Tm^M2 xTm2M3xTmsX , it is easy to see that a cofinal set ofCone^{p) 

is, for example, given by the family of the sets 

{(6,6,6); 161 + 161 < e6, 161 < e6, 6 > oK>o 
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3. (Mixed) Let X = M.^ with coordinates (xi,X2,X3) and let Mi = {0}, 
M2 = {x2 = 0} and M3 = {xs = 0}. For p = (0,0,0; 1,1,1) G 
Tm^{M2 n M3) X TM2X X Tm-^X, a cofinal set of Cone^{p) is, for 

example, given by the family of the sets 

{(6,6,6); 161 + 161 < e6, 6 > 0, 6 > o}e>o 
4 Mult i- normal cone 

Definition 4.1 Let Z be a subset of X. The multi-normal cone to Z along 
Ml, . . . , is the set 

c^{z)=rW)^s. 

For any q ^ X, there exists an isomorphism 

^ : X {TX), 

near q and ip{q) = {q; 0) that satisfies tp{Mj) = {TMj)q for any j = 1, . . . ,i. 
The existence of such a ip is guaranteed by Proposition ll.il 

Lemma 4.2 Let Z be a subset of X . We have the following equivalence: 
p ^ Cy.{Z) if and only if there exist an open subset 'ip{q) G f7 C {TX)q and 
a multi-cone G G Cone^{p) such that 

i;{z)r\Gr\U = % 

holds. 

Proof. The problem is local. Hence we identify X ~ (TX)q ~ by ip, 
and we consider, in what follows, Coney,{p) as the set of cones defined in X. 
We may assume q = 0. Recall that Ij C {1, 2, . . . , n} is defined as 

ir-=ij\(^ U ■ 

The equivalent class Ij corresponds to T^ji-iMj) for j G {1, • • • ,i}, and set 
B := [j Ij = U {1,2, ...,n}. It suffices to show the following 

claim 

p e Cy^(Z) ^ For any p G [/ and G G Cone;^(p), ip{Z) n G n C/ / 0. 
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First we will show Assume that 

X,l<j<i 

where pj is a point in TM^i^iMj). By the definition, we have a sequence 



P 



- . . t'r\. . . ,4"^^) € F^^) CX m = 1,2, 



satisfying that a;^™'' — > for i £ B, x[^^ — > for j ^ B, and — > for 
any j. For j € {1, 2, . . . ,£}, let us consider the commutative diagram 

X Tm^l{Mj) ^ Tm^X 
x,i<j<e 

J 

ip:X Xm, 

\ i 
X 

where the top horizontal arrow is given by the composition of morphisms 

X,l<j<£ ^ ■> ^ ' X ^ 

and if) : (xi, . . . , x„; ti, . . . , t() — > (f i, . . . , x„; t) is defined by 

i = n 

Xi = tj^Xj (i ^ /j), 

Xi = n */3 pi (i G Ij)- 

\{^seJ^■,M,cMp} J 

Here the definitions of Jj, etc. were given in the proof of Proposition 11.11 
Then ip{p^"^^) converges to pj £ Tm^X where pj is the image of pj by 
the canonical embedding TMjt{Mj) ^ TmjX. This implies pj £ CMj{Z)- 
Therefore it follows from the definition of a usual normal cone that, for 
any cone Gj G Cone;^j(p), we have PMjifip^"^^)) G for any suffi- 

ciently large m. This entails that, for any multi-cone G € Cone;^(p), we have 

G Gfor any suflaciently large m, in particular, we have Zf^Gr\U 
for any U . 
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Let us show converse (<;=): Set, for a subset / C {1, 2, . . . ,n}, 

\x\i := ^ \xi\. 

Note that, if I is empty, we set \x\j = 1. Let 

p = {q;0= X Pj^ X TMjt{Mj) 

x,i<j<e x,i<j<e ^ 

where pj = {q; ^j) G TMji{Mj). By the conic actions Tj(-), we may assume 
either = = 1 or |^,-| = |^|^, = for 1 < j < 

Let {Gj™''}m=i,2,... be a cofinal set of Cone^j(p) and {U^'^'>}rn=i,2,... a set 
of fundamental neighborhoods of q. We set 

G'-'--= r\-j^,G^r' -=1,2,.... 

i<j<i 

Choose points in X as 

e ^ n G^"*) n ?7("^) c X m = i,2,..., 

and define a sequence in X by p^"^) := (g^"^); Clearly we have 

p(^pM) e Zn G^"*) n U^'^\ For each 1 < j < ^, by taking a subsequence of 
|^(m)|^ we may assume either l^*-™^]!, ^ for every m or l^*-™^]/, = for all 
m. We divide the set {1, 2, . . . , £} into two sets J' and J" as follows: 

J' = {jG{i,2,...,0; I0l = iei/,.7^o}, 

J" = {1,2,...,£}\J'. 

Note that ^ holds for j G J'. Let us determine a sequence 

of positive real numbers that satisfies the follow- 
ing conditions. 

1. ^ 0, K^J"^ = for j G J' and — ^ for j G J". 



.("0 



2. For any pair a, ^ G {1, 2, . . . , ^} with C Mg, we have 0. 
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Set, fori G {1,2,...,^}, 

dj := max{k; M, = Mj, C M,, C • • • C . . . , M,, G x} 

and 

4 := J' U {j G J"; < A;}. 

Now we construct a sequence k;^"*) by induction with respect to k. For this 
purpose, we introduce the following condition Hypo(j, A;). 

1. 4"^) ^ 0. 

2. For ^' G 4 with with M^/ C M,-, we have 

3. For ^ G {1, 2, . . . ,^} with Mj C Mp, we have — 0. Further 

we also have — , , — >■ if 7 G J". 

Assume k = —1, i.e., J'_i = J'. We set Kj^^ = | for j G J'. It is easy 
to see that the hypothesis Hypo(j, fc) is satisfied for any j G Jij^. Indeed, 
as 7^ and g^"*) G 7r^^(G^"^^) hold, there exists a sequence e^"*) — )■ 
such that < e^'^^q^"'^}, for ^ with Mj C M^. This implies 3. of 

Hypo(_7, k). By the same reason, as /?' G J', 2. of Hypo(j, k) also holds. 

Assume that we have constructed k^™^ for j G Jj(. and IIypo(j, k) holds for 

any j G Jj^. Let j G J" with = /c + 1. Then we can determine k^™^ so that 
the hypothesis Hypo(j, k) is satisfied in the following way. First note that 
X* = {Mfji E x'l P' ^ J'kt Mfs' C Mj} is a totally ordered set with respect to 
"c", in particular, we have the maximal submanifold Mj* G x*. If we can 

(m) (m) 
(rn) j j 

determine k - satisfying — > 0, then — >■ also holds for any Af^/ G 
X* by induction hypothesis. It follows from induction hypothesis again that 
for any P G {1,2,..., £} with Mj* C Mg, we have — 0. Therefore 

Kj, 

we can find k^J^^ such that -^-^ and — ^-^^ ^ for /3 G |1, 2, . . . , ^| 

3 (m) (m) L ' ' ' J 

with Mj C (note that this contains the case /3 = j). 



17 



By repeating the same procedure, we obtain k"J^^ for any j G J" with 

dj = k + 1. As Ij n Ij' = for j and j' with dj = dji, wc can conclude that 

Hypo(j, k + 1) holds for any j G J'f^^i- Hence we have obtained k^^^ for all 
j e{l,2,...J}. 

Let us define points in X by 




Note that p{p^"^'') G Z still holds. Then the value of j-th coordinate tj of 

p(_m) Jg giygn ]-)y Qf 



n ".f^?) n 



(m)\ (m) 



which is equal to that of 

« f 4) ) n « (4"*) f = « f 4?) n « (4"') f 



Note that JcMj consists of at most 1 element. If JcMj is empty, then the j-th 
component is k^'"^ which clearly tends to when m — >■ oo. If Jcm = {P} for 

some P, then it is given by which also tends to by the construction 

of As a result, we have p^"^^ — )• p. This completes the proof. □ 

Given the family x = {Mi , M^} and a sub-family Xk '■= {Mj^ , . . . , Mj^}, 
we have the natural maps 

where M = fYj=i Mj. We set for short 

Corollary 4.3 Let k < i and {ji, . . . be a subset of {1, 2, . . . ,£}. Set 
Xk = {-^ju ■ ■ ■ ■> Mji^}. Let Z be a subset of X. Then we have 

,^ 1 ^_ M,l<?<fe 
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Proof. Let us prove C. Suppose that p £ x T/v/ Ly(Mj.) does not 

M,i<i<k 

belong to Ci^^(Z). By Lemma 14.21 there exists an open subset ip{q) € 
U C {TM)q and a multi-cone G' G Cone^^^{p) such that n G' H 

U = % holds. For a ^ set G« = {{Tm^X)^}. Hence G : = 

( n I n G' = G' G Cone^(p) and ^(Z) n G n C/ = 0. By 

\a^{ji,. ..,jfc} / 

Lemma SJp ^ C;^(^)- 

Let us prove 5. Suppose that p € x Tm iyiMj.) does not belong 

M,i<i<k 

to G^{Z). By Lemma 14.21 there exists an open subset '4>{q) G f/ C {TM)q 
and a multi-cone G G Cone^(p) such that H G fl [/ = holds. For 

a ^ {1, . . . , A;}, pj^ = (g; 0) and we have Cone;^j^(p) = {{TM^^X)q}. Hence 



G' := G n X Tu^ixki^j) G Conex,(p) and V(Z) n G' n f/ = 0. By 

\X,l<j<k J 

Lemma [Up i C^^iZ). □ 



Definition 4.4 ffj Let S be a subset of X. We set M+S" = ^i(S',M+). // 
[/ G Op(X), i/ien M^C/ G Op(X) since is open for each i = 1, . . . ,i. 
(a) Let S he a subset of X. Let J C {1, ...,£}. We set 

M+S = M+ • • • M+ 5 = /i,, (• • • ^^). ^^), ii,...ikeJ. 

We set {R+yS = = n{S,{R+Y). If U e OpiX), then R+U G 

Op(X) since /Uj is open for each i G {1, . . . ,^}. 

(Hi) Let S be a subset of X. We say that S is (R^Y-conic (l-conic for 
short) if S = (M+)^S'. In other words, S is invariant by the action of fn, 
i = l,...,i. 

Definition 4.5 (i) We say that a subset S of X is R^ -connected if SClR^x 
is connected for each x G S. 

(a) We say that a subset S of X is (R'^Y -connected if there exists a per- 
mutation a : {1, . . . ,i} —7- {1, . . . ,i} such that 

S is R^ , -.-.-connected, 

cr(l) ' 

M^z-inS" is R'^,r,-,- connected, 

^ o-{l) o-(2) ' 

M^/-,N • • • M^/„ is R'^fg.- connected. 
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The proof of the following is almost the same of that of Proposition 4.1.3 
of |6|, and we shall not repeat it. 

Proposition 4.6 Let V he a (R+)^-conic open subset of S. 

(i) Let W he an open neighhorhood of V in X, and let U = p{W fl O). 
ThenV r\C^{X\U) = 0. 

(ii) Let U he an open suhset of X such that V fl Cy.{X \U) = 0. Then 
p^^{U) [J V is an open neighhorhood of V in fi. 

Proposition 4.7 Let V he a (R'^Y-conic suhanalytic open suhset of S. Then 
any suhanalytic neighhorhood W ofV inX contains W G 0^{Xsa) such that: 




(i)Wr\Q, is {R+Y -connected, 

(li) W{ ■ --m^f^iW n il) = p~^{p{W n il)) is suhanalytic in X. 



Proof. Let Xi = {^i; • • • ; -Wj-i) -^i+ii • • • 5 Mi\ let Xi be the normal de- 
formation of X with respect to Xi ^.nd let pi : X ^ X^. Let V be a conic 
suhanalytic open subset of S. 

(i) We first prove that any suhanalytic neighborhood W oiV \n X contains 
W e Op^a(X) such that: 

I (i) the fibers oipi:Wr\ {ti > 0} — )■ Xj are connected, 
] (u) Pi{W n {ti > 0}) is suhanalytic in X. 

Let W G Op{Xs a) be a neighborhood of V . Up to shrink W we may suppose 
V = Wn{ti = 0}. Set X' =J( \{MixR),S = X'/R+. Then a : X' ^ S is 
an R+-bundle and if : S ^ Xi is proper. Consider a continuous suhanalytic 
section of {ti = 0} — )• {ti = 0}/M+ (the i-th component of the action), extend 
it to a continuous suhanalytic section a oi X' ^ S and set 

w'= U w^^n{ti>o}, 

where denotes the connected component of a~^{x) CiW containing a{x). 
By construction, the fibers of W S are connected and W' is an open 
neighborhood of F \ Mj . Let 

w" = U < n {ti > 0}, 
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where W" denotes the connected component of {{x} xM) CiW intersecting 
M. Up to shrink W", W = W'UW"U{W\{ti > 0}) is an open neighborhood 
of V and satisfies (1421) (i). 

Let us see that W is subanalytic and satisfies (I4.2p (ii). We may reduce to 
the case X = M", Mi = {0} x M""™ cX,X = M"+i, {U = 0} = R" x {0} C 
X, {ti > 0} = X M+ c X. So that {x',x",t) ■ c ^ {cx' ,x" ,c-^t) is the 
action of M""" on X and p : {tj > 0} — ?• X is the map (x',x",t) i— )• {tx',x"). 
In this situation X' = M"+i \ {Mi x M) ~ S^-^ x M+ x M""™ x M. Moreover 
X7M+ ~ §^-^ X M"-^ X M, indeed 

X' = S xR+ = {{ci{'d),x", sc-^), x", s) G 5, c G M+}, 

where z : E"^^^ ^ M" denotes the embedding. The section a : S ^ S x {1} C 
X' is a globahy subanalytic subset of X' . Let us consider the globally suban- 
alytic (even semialgebraic) homeomorphism ^ : {tj > 0} — ?> {ti > 0} defined 
by V'(x',x",t) = {tx',x",t~'^). Then vr o = Pi, where vr : x M+ ^ M" 
is the projection. The set iJj{W fl {ti > 0}) is still subanalytic. Let p € M". 
Then TT~^{p) fl fl X' fl {ti > 0}) is a disjoint union of intervals. Let us 
consider the interval {m{p) , AI (p)) , m{p) < M{p) E M U {±00} intersecting 
ipiann). Then V'(VF') = {{p,r) G V(W"nX'nO); m(p) < r < M{p)}. The 
set 'ijj{W' n {tj > 0}) is open subanalytic (it is a consequence of Proposition 
1.2, Chapter 6 of |18)). Moreover, up to shrink W we may suppose that 
PiiW' n {ti > 0}) = p{a nW f] {ti > 0}) which is subanalytic. Indeed, since 
we are working in a local chart, we may assume that W Cia is globally sub- 
analytic. Then R+{W' H {ti > 0}) = p^^'^ipiiW' H {ti > 0})) is subanalytic. 
Let x" G M"-™. Then {{x"} x M) D W" is a disjoint union of (bounded, 
up to shrink W) intervals. Let us consider the interval (m{x"), M(x")), 
m{x") < M{x") G M containing 0. Then W" = {r G Wr\{MiXM)] m{x") < 
r < M{x")}. The set W" is subanalytic (it is a consequence of Proposition 
1.2, Chapter 6 of [18j). Moreover (up to shrink W") p{W" r\9.) = W" n Mj, 
which is subanalytic. 

(ii) Let us find W satisfying (|4.ip . Let us argue by induction on i. The 
case £ = 1 follows from (i). Let us treat the general case. Set Si = {ti = 0}, 

= {ti, ■ ■ ■ ,ti-i > 0}. By the induction hypothesis we can find a sub- 
analytic neighborhood W of V which is (M+)^~^-connected and such that 

• • • M+_^(PF' n Qi) is subanalytic. Let us apply (i) with • • • R^_-^^{W' n 
Se n Qi) instead of y and • • • M^_i(VF' n Qe) instead of W. Then we find 
W" subanalytic (M+)^~^-conic and M^-connected satisfying (|4.2p . The set 
W = {W'nW")U{W\n) is an open neighborhood of ^ and satisfies (lO) . □ 
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5 Morphisms between multi-normal deformations 



Let X and Y be real analytic manifolds of dimension n and m respectively 
and let = {^j}j=ii = {^jYj=i families of smooth closed sub- 
manifolds of X and Y satisfying (jl.ip respectively. We define the I^^ as in 
2. of Proposition 11.11 and J^^ as in (II. Sp (and similarly for and J/^). Let 
/ : X ^ y be a morphism of real analytic manifolds such that f{Mj) C Nj, 

We want to extend / to a morphism f : X ^ Y. This is done by repeat- 
edly employing the the usual construction of a morphism between normal 
deformations, i.e. we extend / to /i : Xmi — > Yni, then we extend fi to 
/i,2 • Xmi,M2 ~^ ^Nx,N2- Then we can define recursively f : X ^ Y hy 
extending the morphism fi^,,,/^i : XM-i,...,Me-i ~^ ^Ni,...,Nt-i to the normal 
deformations with respect to and respectively. 

In a local coordinate system set 

/(xi, . . . , X-fi) = {fl{xi, . . . , Xn), • • • 5 fm{xi, • • • , Xn)). 

Then, outside of tit2 ■ ■ ■ t£ = 0, we can define a morphism f : X ^ Y 
{xi, . . . ,Xn; h, . . . ,ti) -i- {yi, . . . ,ym; ii, ■ ■ ■ ,ie) 

by setting 

ijf^Vk = fk{tjMXi, tjMXn) (A: = 1, 2, ... , m), 
ij=tj {j = 1,2,...,£). 

In order to understand the restriction of / to tit2 • • • = 0, we follow the 
notations of the proof of Proposition 11.21 For any k = 1,2, . . . ,m, we set 

i-ik) := n = n • 

Let A: G U -^f , and let j{k) e{l,2,...,i} such that I^{k) = /^^.. Then, 

for any j G J^, we get /(M,) C Nj(^^,) because of /(M,) C Nj C A^j(fc). We 
set 

/= u n 
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By expanding fk{xi, ■ ■ ■ , x„) along the submanifold M/, we obtain 



11,126/ 



dXi^ dXi^ 



Xi-^Xi2 ~t~ 



Mi 



as fk\Mi = holds due to /(M/) C Nj(k)- Then we get, on ti . . . ^ 0, 



(5-1) y^ = Y.^ + 21 



d'fk 



dxi-^ dx 



«2 



t J Alt : 



L jM b jM 



Mi tj^ 



Let zi, . . . , be a sequence (ii, . . . ,ip £ I). 

(i) If there exists j G such that {zi, . . . ,ip} n Ij^ = 0, as fk\Mj = 
and derivatives — , . . ., — are tangent to Mj, we have 



dxi-^ dxi^ 

dPfk 



0. 



Ml 



(ii) Suppose that {ii, . . . , ip} P| Ij ^ holds for each j G . This implies 
that ij^^ contains some iq in {ii,. . . ,ip}, which is equivalent to saying 
that j G Jf^. Therefore any j G Ju belongs to J^^ with some q G 



{1, . . . ,p}, from which we obtain 



M 



Now we have two cases. 



(a) If some pair of J^^ , . . . , is not disjoint or if ^ J^f U • • • U 
J^^J , then tjM ■ ■ ■ tjMt'jf when t ^ 0. 



(b) If = jf^ U • • • U jf^ holds, then the term with its indices 
ii, . . . ,ip in (IS.ip becomes, by letting t to 0, 



1 dPfk 



p\ dxi^ ■ ■ ■ dxip 



Ml 



From these observations, the morphism / is described by, on ti 
0, 



Vk 



1 dPfk 



p\ dxi^ ■ ■ ■ dxip 



Xi-i ' ' ' Xi 



M 



(k G U )• 

l<j<i 
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Here M := Mi n ■ • • n M^. Note that if there is no {n, ... , ip} with jj^ = 

U---U , then we set ijk := 0. 

Let us study the condition = U • • • U . For this purpose, we 

introduce two definitions. Let A; G U -^f' ^^'^ 

i<j<e 

supqJ^ := |j G ; Mj is a maximal submanifold in {Mj^j^^jN^ 

and 

inf cJj^ := |j G Jj^; Mj is a minimal submanifold in {Mg}^gjjv| . 
Note that # inf c < # sup^- Jf holds. 

For example, let us consider 3-closed submanifolds {Mi, M2, M3} in X and 
{Ari,iV2, ATg} in y. Let / : X -)■ y be a morphism satisfying /(M,) C Nj 
(j = 1,2,3). We assume that iVs C iV2 C TVi, M3 C Mi, M3 C M2, 
Ml and Af2 intersect transversely. Then, for k G , = {1,2,3} and 
supcJ^ := {1,2} and inf cJf := {3}. 

Lemma 5.1 Let k E [j Ij^ o,nd {ii,...,ip} a subset of |J 1^ . Then 
i<j<e i<j<e 
= Jff U • • • U J-^ holds if and only if we have 

P = # inf cJk = # snpcJk 
and there exists a bijection a : {1,2 . . . ,p} ^ sup^ satisfying 

iaei^^,) (aG{l,2,...,p}). 

Proof. We first show the claim that if # inf^ < # sup,- , then there 
exists no {ii,... ,ip} with = U • • • U . Assume that there exists 
{ii, . . . , Zp} with Jf = U • • • U J^. Then it follows from # infc < 

^sup^./^ that we can find indices j, f, j" in satisfying ly^ C /j^, 
/jlf C Ij ^ and n Ipl = 0. By the assumption, there exist a' and a" in 
{1, 2, . . . ,p} such that f G J/^ and j" G J/^, . As iff (1 iff = 0, we have 
a' / a". On the other hand, "iff C if and J,^ C imphes j G J/^ and 

J J J J ''a' 

j G J,^ , which contradicts that and J,^ are disioint. Hence we have 
obtained the claim. 

In what follows, we assume 

#infcJf = #supcJf. 
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Suppose that {ii, . . . , ip} satisfies the condition = jf^ U • • • U J^^ . Let 
j G supc^fc^- Then some J-^ [q € {1,2,... ,p}) contains j, which imphes 
ig G Ij ^ . Further we can show that ig belongs to 1^ ^ . If ig G /j^^ \ Jj^^, 
then there exists j' with ig G /j^ and Mj C Adj' by the definition of /j^^, 
from which we have j' G J^*^ C . This contradicts j G supc</|^- Hence 
G ij^ and we have obtained that the set {ii, . . . , ip} contains at least one 
index that belongs to /j^ for any j G supc</fc^- Further two or more indices 
in I^^ cannot belongs to {ii, . . . ,ip} at the same time because any pair of 



J^, J^Ms disjoint. 

Now we show {ii, . . . , ip} consists of only these indices. Let i be an element 
in {ii,...,ip}. Choosing j' G J^^ , we can find j G sup with Mji C 
Mj. Then, by the above argument, there exists ig G ij^ which belongs to 
{ii, . . . , ip}. As ig G If C If, we have / G J^^^, which implies JfnJf ^ 0. 
Since each pair is disjoint, we have i = ig. 

Therefore we can find a bijection a : {1, 2, . . . ,p} — >■ sup^- such that 
^-e/^^) (aG{l,2,...,p}). 

Conversely if such a cr exists, then = jf U • • • U jf easily follows from 
#infcJf = #supcJfc^. ' ' □ 

By this lemma, for k £ [j I^ with ^ inf ^ = ^ sup c , we have 



(5.2) yk= 



i<j<e 

dPfk 



M 



where p = # sup c Jj^ { ji , . . . ,jp} = sup c • And we have yk = for 
If 



feG U /f with # inf cJf/# sup cJf. 



Let j G {1,2, ...,/}. Then, for any k and k' in /j^, as = holds, 
we have inf = inf ^ J^i and sup c = sup c • This implies that 
inf and sup c do not depend on a choice of /c that belongs to if . 
We denote them by inf (^if and supc-^j^ respectively for short. 

For j G {1,2,...,/} with #infc/f = # sup (^Ij , by considering the 
equation (|5.2p for indices k G if , we have 



(^j- : X TMpi{Mp) X M ^ r^/(iVj-) x TV. 
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where = A'^i n • • • CiNi. Although (pj is not a map between vector bundles, 
we still have 

where {ji, . . . ,jp} = supc-^j^ and and tJ denote the action on each 
spaces X and Y respectively. This implies that the image of a multi-conic 
set is conic and the inverse image of a conic set is multi-conic. 
We denote by the same symbol (pj the map 

Then we conclude that the restriction of / to {ti = • • • = = 0} is a sum 
of ifj for j = 1,2....,/ with ^ inf(^ /j^ = ^ supj- /j^, and each (pj is given 
by a. 



Example 5.2 Set Y = , let X = {(21,^2,6,6) G x Pj,, ^2^1 = 6-^2} 
and let 

tt:X <C? 

{(2:1, 2=2, 6, 6)} ^ (2:1, 2=2) 

he the desingularization map. Let Ni = {0}, N2 = {z2 = 0}, Mi = 7r~"^(0), 

C2 

M2 = {C2 = 0}. Locally on X, for example on Ui := {^1 7^ 0}, set X = —, 
then Z2 = —z\ and we have an homeomorphism 

{X,zi) ^ (zi, Azi, 1, A). 

We have ^'"^^^1) = {zi = 0} and ^-^{M2) = {A = 0}. We still denote 
them by Mi, M2. The map f := it\ui o ip is given by (A, zi) >—?■ {Xzi, zi). Let 
us consider f . On the zero section, let {wi,W2) be the coordinates ofC? ~ S' , 
the zero section of Y. We have jf = J^^ = {I}, = {1, 2} = jf^ U 
hence 

Of 

Wl = Zl = Zl 

Zl 

which is a conic map with respect to the {M^)"^ -actions on S and S' . 
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One can ask when the morphism thus obtained becomes a bundle map. 
Suppose 

1. f{Mj) C Nj for any 1 < j < i. 

2. Mj, C Mj if and only if Nj, C Nj for 1 < < 1. 

Proposition 5.3 Under the conditions 1. and 2. above, in the zero section 
{ti = • • • = = 0} the morphism f of multiple-normal deformations is a 
bundle map. 

Proof. For any k G {1,2, ... ,m}, we have ^inf^J^ = ^supc/^ = 1- 
Therefore, by (|5.2p . the map ipj becomes a bundle map and the result fol- 
lows. □ 



Remark 5.4 More generally, the morphism exists for the case jj^x^ ^ 

Letf-.X^Y and = {Mi, M/,} m X and x^ = {Ni, . . . , N^} in 

Y for £' < e. 

Then the situation decomposes into the following: 

(X; Ml, ... , Me) A (X; Mi, . . . , M^) M {Y; Ni, . . . , Ne) 

For the second arrow, we have already constructed the morphism. We will 
construct the morphism for the first arrow. In what follows, we assume that 

Y = X, f = ld, e> £' and Nj = Mj. 

Locally the morphism between multi-normal deformations 
(xi, . . . , Xn', ti, . . . ,te) (x'l, . . . , x^; t'l, . . . , t'^i) 

is given by: 

Here k^m^^n is the map from {1, 2, . . . to subsets of {1,2, .. . ,i} defined 
by 



/3e{l,2,...,e}; { \J Nk \ C/(M^)ciV, 



27 



and, for I < i < n, 

\j^Jf J 

with J/^ := {j G {1, 2, ...,£}; i e } and j/^ := {j G {1, 2, . . . ,£'}; i G 
If}. 

For example, if i' = 2 and Mi C M^_i • • • C Mi are satisfied, as 
K^M^^jv(l) = {1}, K^M^^jv(2) = {2, ...,£}, J^M^^N^i = J*'^ (i ^ I^'^) and 
J^M ^jv j = (i G ^2^), i/ie /oca/ morphism is given by 

t'l = ti, = ^2 • • • te, 

x[ = tjMX, {i i I^), x[ = X, (i G I^). 

We can certainly glue these locally defined morphisms (by the definition 
of a multi-normal deformation) and obtain the morphism between multi- 
normal deformed manifolds (say X and Y) globally. Moreover, as = 
U i^x^^,x'^^^^ satisfied by definition, the following diagram commutes. 

X ^ Y 

\ i 
X = Y 

Since i{Mj) C i^{Nj) holds (j = 1, . . . ,£'), we have the canonical injection 

TM,i{Mj)^TN^i{Nj) {j<l'). 

These injections and the zero map on TMji^{Mj) for j > i' induce the bundle 
map over M := (~] Mj 

99: X TM^LiMj)^Mx( X TN^LiNj)) 
X,l<j<e ^ Y \Y,l<j<l' ^ J 

In this case, on the zero section {t = 0}, the morphism from X to Y 
coincides with (p. 

6 Multi-specialization 

Let X be a real analytic manifold with dimX = n, and let x = {-^^i) • • • ) Mi} 
be a family of ^-closed submanifolds satisfying H1-H2-H3. Let X be the 
normal deformation of X with respect to the family x ^-iid consider the 
diagram (II. 3p . For an exposition on (M"'')^-conic sheaves see the Appendix. 
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Lemma 6.1 Let F G D^{kx,a)- There is a natural isomorphism 

Proof. We prove the assertion in several step. For I,J C. {!,...,£}, 
/ n J = 0, set 5/ = {ti = 0,iel} and = {tj > 0, j e J}. 

(i) We show that if (|J < i, then {RTfij{p~^F)Q)\s = 0. We may reduce to 
F G ModiR_c(/cx)- It follows because for any (M+)^-connected neighborhood 
V (for example a ball of radius e > 0) of p € S and for any W C V (M+)^- 
connected containing V\^ 

RT{vnnr,P'^F) ~ Rr{wr\ni;p-^F) 

since p~^F is conic. This implies 

{RTnAP~'FhA^)\s ^ {Rrn,p-'F)\s. 

(u) We show that if tJ(/U J) < £, then {RTsjnnjiP^^ F)n)\s = 0. We argue 
by induction on dl. If ft-^ = then it follows by (i) that {RrQj(j)~^F)fi)\s = 
0. Suppose that it is true for (J/ < £—2. Let io G I. We have the distinguished 
triangle 

{Rrs,nnAP''Fh)\s ^ {RTs,,^^^,nnAp-'F)n)\s ^ {Rrs,,^,^,ynnj^^^Jp-'F)n)\s ^ • 

The second and the third terms of the triangle are zero since JJ(I\{zo}) < i—2. 
Then the first one is zero. 

(iii) We show that if /UJ = ahen {RTs,nnj{p-^F)n)\s - {RTs{p-^F)n)\sM. 
We argue by induction on jj J. Let jo G J. We have the distinguished triangle 

(^^Siu{jQ}nnj\[j^y{p ^F)n)\s ->■ {R^Sinnj\[j^y {p-'F)n)\s ^ {Rrs,nnAp-^F)n)\s ^ 

where the second term is zero by (ii). If jj J = 1 the result follows immediately. 
Suppose that it is true for «./ < £-1. Then (i^Ts^^^^.^^jn^..^^^^} {p-^F)n)\s[l] - 

{RTs,nUj{p-'F)n)\s by (ii) and {R^s,,^.^ynnJ^^.^Ap-'F)n)\s - {RTsip-'F)n)\s[P- 
1] by the induction hypothesis. 

(iv) By (iii) we obtain s'(p~^F)n[£] ~ s~^RrQp~^F. It remains to show 
that {p~^F)Q[i] ~ {p'F)q. We may reduce to the case F ~ lii^p^F; with 

i 

Fi G ModM-c{kx) ■ In this case we have 

H'^+\p-'F)n lu^p.H'^+'{p-'F,h 

i 

~ \u^p.H''{pFi)n 

i 

~ H''{p-F)u 
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where the second isomorphism fohows since p ~ p' in Mod(A;x)- ^ 
Definition 6.2 The (multi-) specialization along x is the functor 

F ^ s-^RTnp'^F. 
Theorem 6.3 Let F G D^{kx,^)- 

(i) i/f F G D^^^^y{ksJ (see DefinitionlE^)- 

(ii) Let V be a (M+)^-conic subanalytic open subset of S. Then: 

W{V; v'^F) ~ \]^W{U; F), 

u 

where U ranges through the family of Op{Xsa) such that C^{X \U) D 
V = 

Proof, (i) We may reduce to the case F G Mod{kxsa)- Hence F = lin^p^Fj 

i 

with Fi G Mod]R_c(A:Xsa) each i. We have p^^lm^p^:Fi ~ liu^ p^p^^ Fj 

i i 

and p^^Fi is M-constructible and (M+)^-conic for each i. Hence p~^F is 
(M+)^-conic. Since the functors RFj^ and send (M+)^-conic sheaves to 
(M+)^-conic sheaves we obtain s'^'RTq^p^^F = v^F G -D^'j^+^f (^5^^). 

(ii) Let U G Op(X^a) such that V nC^{X\U) = 0. We have the chain 
of morphisms 

RT{U;F) Rr{p-\U);p-^F) 

Rr{p-\u)nn;p-^F) 

^ RT{p-\U)UV-RTnP~^F) 
Rr{V;v^^F) 

where the third arrow exists since p~^{U) U y is a neighborhood of y in 
by Lemma [4.61 (ii). Let us show that it is an isomorphism. Let V he a. conic 
open subanalytic subset of S. We have 

H\V;u'/F) ~ l\i^H^{W;Rrnp-'F) 
w 

~ lu^H''{Wnn;p-^F), 
w 
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where W ranges through the family of subanalytic open neighborhoods of V 
in X. By Lemma 14.71 we may assume that W satisfies M.ID Since p~^F is 
(M+)^-conic, we have 

H''{wnn;p-^F) ~ H''{p-^{p{wnn));p-^F) 

~ H''{p{Wnn)x{{l)e};p-^F) 
~ H''{p{WnQ);F), 

where (l)^ = (1, . . . , 1) € (M+)^. The second isomorphism follows since every 
subanalytic neighborhood oi p{W Cift) x {(1)^} contains an (M+)^-connected 
subanalytic neighborhood (the proof is similar to that of Lemma I4.7p . By 
Lemma 14.61 (i) we have that p{W Q) ranges through the family of subana- 
lytic open subsets U of X such that V O Cy.{X \ [/) = and we obtain the 
result. □ 



Remember that a sheaf F G Mod(/cXsa) ^^i*^ ^o be quasi-injective if 
the restriction morphism T(U;F) T{V;F) is surjective for each U,V (z 
Op%Xsa) with U^V. 

Corollary 6.4 Let F G Mod{kxga) quasi-injective. Then F is v^- 
acyclic. 

Proof. The result follows from Theorem 16.31 and the fact that quasi-injective 
sheaves ate T{U\ .•)-acyclic for each U £ Op{Xsa)- n 



Corollary 6.5 Let F £ D^{kx,a) and let p G S. Then 

{p-^Wv'^F)p ~ \\i^W{W;F), 
w 

where W ranges through the family Conex(p)- 

Proof. The result follows since for any subanalytic conic neighborhood V of 

p, any U G Op(Xsa) such that C^{X\U)r\V = contains W G Cone;^(p). □ 



Remember that 



MA<i<k ^ \XA<i<k ^ ■' X 
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Corollary 6.6 Let F G D^{kxsa)- k < i and {ji, . . . , jy^} be a subset of 
{1, 2, . . . ,£}. Set Xk = {-^^ji) • • • 1 ^jk\- Then we have 

M,l<i<k J» A-/,l<i<fc 

Proof. Set Z = x^^TMJ^x(^j^)■ On Z {fii, . . . , fi^} and {fj.j^,. . . ,fJ.j^} 

coincide. Let F be a (M+)^-conic globally subanalytic open subset of Z. Let 
U e Op{Xsa) such that V nC^{X \U) =0. Let W be the complement of 
C^^{X \ U). Then is a (M+)^-conic open subanalytic neighborhood of V 
such that C^{X\U)nW = $. Then for j G Z 

w 

~ \]i^H''{U;F) 

u 

~ \\i^H^{U';F), 

U' 

where W ranges through the family of (M+)^-conic open subanalytic neigh- 
borhoods ofV,Ue OpiXsa) is such that C^{X \ [/) n = and [/' G 
Op{Xsa) is such that C^^{X\U')^]V = 0. Remark that the first isomorphism 
is a consequence of the fact that i^^F is conic and the fact that by Lemma 
IB.lll everv open subanalytic neighborhood of V contains a (M+)^-connected 
one. In the same way we see that 

H\V-y^lF) \m^H\U'-F), 

U' 

where U' E Op(Xsa) is such that C^^^{X \U')r\V = $. To show the result 
it is enough to see that 

c^{x\u)r\v = % ^ Cxjx\u)nv = (!). 

This follows from Corollary 14.31 which says that 

c^{x\u)nz = c^jx\u)nz. 

Hence we have the isomorphism 

W{V;u'/F):^W{V;u'^lF) 

for each (]R+)^-conic globally subanalytic open subset of Z. By Lemma [B.IOI 
and the fact that both I'^F and I'^^F are multi-conic implies {i'^F)\z — 
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□ 



Let f : X ^ Y he amorphism of real analytic manifolds, = {-^ij • • • ) Mi}, 
= {A'^i, . . . , A'^} two families of closed analytic submanifolds of X and Y 
respectively satisfying the hypothesis H1-H2-H3. Suppose that f{Mi) C Ni, 
i = We call T-^/ the induced map on the zero section. Let 

J C {1, . . . , and set XJ = {-^ii ) • • • ) Mj^}, jk G J. The map T^j/ denotes 
the restriction of / to {tj^ = 0, € J}. 

Proposition 6.7 Let F e D''{kx,J. 

(i) There exists a commutative diagram of canonical morphisms 

R{TJ)muI%F . vl%RhF 



R{TJ),u-'^,,F ^ v'^r^RhF. 

(a) Moreover i/suppF Y and T^jf- CMj^...Mj^ (suppF) {tj-^ = ■ ■ ■ = 
tji^ = 0} for each J = {ji, . . . ,jk} are proper, and if suppF (If ^^{Nj) C 
Mj, j S {1, . . . then the above morphisms are isomorphisms. 

Proof, (i) The existence of the arrows is done as in [6] Proposition 4.2.4. 

(ii) If p~^(suppF) is proper over X, then all the morphisms are isomor- 
phisms. We have to prove that for a closed subset Z of X, the restriction of 
/ to p-i(Z) is proper, iiZ ^Y and CMj^...Mj^ (suppF) {tj^ = ■■■ = tj^ = 
0} for A; < ^ are proper, and if Z n f^^{Nj) C Mj, j € {1, . . . , £}. We argue 
by induction on jix- If ttx = 1 this is Proposition 4.2.4 of Sheaves on Mani- 
folds. Suppose it is true for ftx ^ ^ ~ 1- It follows from the hypothesis that 
the fibers of / restricted to p^^{Z) are compact (if tj^ = • • • = tj^ = this is 
a consequence of the fact that CMj^...Mj^ (suppF) {tj^ = ■ ■ ■ = tj^ = 0} is 
proper). Then it remains to prove that it is a closed map. Let {un}nen be a 
sequence in •p~^{Z) and suppose that {f{un)}n&i converges. We shall find a 
convergent subsequence of {unjneN- We may also assume that {p{un)}n&'i 
converges. The map p^^(Z) \ {ti = ■ ■ ■ = ti = 0} ^ Y \ {ti = ■ ■ ■ = ti = 0} 
is proper. Indeed, let be a compact subset of y \ {ti = ■ ■ ■ = ti = 0} , and 
reduce to the case that K is contained in {c < tj < d} C Y , c,d > 0, 
j G {!,...,£}. Suppose without loss of generality that j = 1. Then 
-^1 ■= PNi{K) is a compact subset of Yj^^^^^j^^. Let us identify Ki with 
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Pj^^{Ki) n {ti = 1}. Then / ^{Ki) is compact by the induction hypothesis. 
Hence f~^{K) C iJ:i([c,d],f~^{Ki)) is compact since it is closed and con- 
tained in a compact subset. We may assume that {f{un)}nef^ converges to 
a point of {ti = ■ ■ ■ = ti = 0}. Then {p(?Xn)}nGN converges to a point of 

z n /"H^i n • • • n iv^) c Ml n • • • n 

Taking local coordinates systems of X and Y, let Un = {xin, ■ ■ ■ , Xmn,tin, ■ ■ ■ , ten) 
tjn > 0, j = Then tjn 0, j = and tjM^Xin 0, 

z = It is enough to show that {|a;i„|}„6N is bounded for each 

i = l,...,m. We argue by contradiction. Suppose without loss of gen- 
erality that \xin\ +00 and that {a^in/la^nllneN is not infinitesimal. Set 
tt^f^ = {xi^\ti!^^), where x[^^ = ti^pXin with ti^p = tpn if i S Ip and = 1 
if i ^ I and where tj^^ = tjn if i 7^ /3 and tg'^^^ = 1. Then n„ belongs to 
p~^{Z) \ {ti = ■ ■ ■ = t£ = 0} and {/('ui^^)}neN converges. Since / is proper 
on p^^{Z) \ {ti = ■ ■ ■ = ti = 0}, then {|x^f^|}„gN is bounded. 

(a) Suppose that there exists P G {!,...,£} such that 1 ^ /g. The se- 
quence {Ixn'^^ |}neN is bounded. In particular {|a;i„|}„eN is bounded which is 
a contradiction. 

(b) Suppose that 1 G Ij for j = 1, . . . ,i. Suppose without loss of generality 
that Ii is the biggest Ij containing 1. Set 2„ = {xn,tn) where Xin = Xin/\xn\ 
if z G Ji and Xin = Xin otherwise and where tin = iin|a^n|) tjn = tjn if J 7^ 1. 
Remark that \tinXn\ = \tinXin\\\xn\/xin\ is bounded since the sequences 
{l^inll^eN and {xin/\xn\}neN arc bounded. By extracting a subsequence 
{un}neN converges to a non-zero vector v and Un belongs to p '^{Z). On the 
other hand converges and hence fkitjM xin, ■ ■ ■ ,tjMnXmn)/tjN \xn\ 

converges to for each k such that 3 1. Moreover /(/X2(f, A)) = f{v) for 
each A G M+ which contradicts the fact that the fibers of p~^{Z) Y are 
compact. □ 



Proposition 6.8 Let F e D^{kY). 

(i) There exists a commutative diagram of canonical morphisms 
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(ii) The above morphisms are ismomorphisms on the open sets where T^jf 
is smooth for each J C {1, . . . 

Proof, (i) The existence of the arrows is done as in [6j Proposition 4.2.5. 
When (ii) is satisfied the function / is smooth at any point of the boundary 
of and ah the above morphisms become isomorphisms. □ 



7 Multi-asymptotic expansions 

Let X be the n-dimensional complex vector space C" with coordinates 
{zi, Z2, ■ ■ ■ , Zn) and x = {^ij ■ ■ ■ ^ Z^} a family of ^-complex submanifolds 
defined by 

Zj := {z G X; Zi., =■■■= Zi^,^, = 0} 

where Ij = • • • ,ij,mj} is a subset of {1,2, . . . ,n} and {Ij}j=i^2,...,i sat- 
isfies conditions given in Proposition 11.11 (the conditions HI and H2), that 
is, 

Ij n /,v / ^ I^. c Ij, or I,, C Ij (j, j' G {1, 2, . . . , £}). 
We set, for 1 < j < £, 

Ij--=ia{ U ^0 

We also assume Ij ^ for j = 1, 2, . . . , ^ (the condition H3). Then we have 
Tz^L{Zj) ~ Zj X C*^:> and the equality 

IJ = /i U /2 u • • • U /£, 

l<j<£ 

which follows from conditions HI, H2 and H3. For a subset I = {ii,i2, ■ ■ ■ , im} 
of {1, 2, . . . , n}, we denote by zj the coordinates (zj^ , , . . . , Zi^) and by 
the complex space C*^ with coordinates zj. The map vr/ designates the 
projection from X to C''^. Let ^j{z, A) : X x M — t- X (j = 1, 2, . . . ,£) be an 
action defined by 

fij{zi, . . . , Zn, A) = (AjiZi, . . . , Xjn.Zn) 

where Xji = A if i G and Xji = 1 otherwise. Let U be an open subset in 
X. We say that [/ is a /i-star shape if U is non-empty and fJ,j{xo, [0, 1]) C ?7 



35 



holds for any xq e U and 1 < j < i. An open ball with its center being the 
origin is, for example, a ^u-star shape. 

Let U be an open convex set in X which is a ^u-star shape, and let Gj 
(j = 1,2, ...,£) be an open proper convex cone in C^J. In what follows, 
we only consider a proper cone, which means that we work outside the zero 
section. 

We define an open proper convex multi-cone S{U, {Gj}, e) (e > 0) in X as 
follows. We first set 

Vj := [z e U; Zj. G Gj, \z,.^j.\ < e\zj.\] CX (j = 1,2, . . .,£). 
Here if Ij\Ij = 0, then we set = 0, i.e., no condition. Then we define 

S{u, {Gj}, e) := Vi n V2 n • • • n C X 

By convention, the case with no submanifold Zj is allowed. In this case, we 
set S{U, {Gj}, e) := U. Note that S := S{U, {Gj}, e) is non-empty and 

sn I U zA =0 

follows from the condition HI, H2 and H3. For example, S gives just a poly- 
sector when U Zj forms a normal-crossing divisor. The multi-cone S plays 

i<j<e 

the same geometrical role as that of a sector in an asymptotic expansion. 

Let denote the set of integer {1,2,..., i} and ■P(Z^) be the set of all the 
subsets of 7j£ except for the empty set. For a J = {ji, j2) • • • ,jm} ^ 'Pi^t) 
and a proper convex multi-cone S := S{U,{Gj},t), we define 

Zj ■.= z,,^z,^r\---^Zj^, 

Ij ■.= Ij,Ul,,U---Ulj^, 
Sj ■.= lntzj{SnZj) 

where A is the closure of a set A in X and Int z,{B) denotes the interior of 
a set B in Zj. We often write Sj by Sj if J = {j} from now on. We give 
some fundamental properties of a multi-cone which are needed later. 

Lemma 7.1 For S := S(U, {Gj}, e) and J € V{'L(), we have the followings. 

1. Sj is also a non-empty open proper convex multi-cone in Zj for sub- 
manifolds {Zj n Zj}j^j*. To be more precise, we have in Zj 

(7.1) Sj = S{UnZj,{Gj}j^j*,e) 
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where J* = {j e Zf, Zj ^ Zj} and Ij = Ij \ Ij {j G J*) which 
defines submanifold Zj D Zj. Note that {Zj r\Zj}j^j* also satisfies the 
conditions HI, H2 and H3 in Zj. 

2. 'S] = Sr)Zj and Zj, <r\Sj = % for J' G V{Ze) with Zj ^ Zj> . 

3. {Sj}j^-p,^ \ covers the edge Sn i (J Zj \ (lU of S, i.e., 

\i<j<e J 



(7.2) sn [j Zj \ nu= [j Sj. 

\i<j<e J Jevcze) 

Proof. Note that Zj ^ Zj is equivalent to saying that IjDlj = under the 
conditions HI and H2. We also note an elementary fact that Ad B = ACi B 
if A and B are open convex sets with A Ci B ^ $. 

We first show 1 . of the lemma. As each Vj is open convex and V^i H • • • H 
is not empty, we have S = Vi D ■ ■ ■ CiVi. Therefore wc have 

Sj = intzj (Vin---nVenZj) = intzj (Fi n Zj) n • • • n Intz^ (Ve n Zj) 

and 

Intz,(F,nZj) = 



V, n Zj (/, n /j = 0) 

U (1 Zj (otherwise) , 



from which we have 

Sj= fl (v.nzj). 

ijnij=$ 

Hence Sj is the multi-cone S{U D Zj,{Gj}j^j*,e) in Zj. 

Next we show 2. of the lemma. As Vj n Zj = U n Zj if IjCiIj ^ we 
have 



Sj= fl Vjnzj= fl Vjnzj= f| VjnZj = sr]Zj. 

For Zj ^ Zji , we can find j G J' satisfying Zj ^ Zj . Then j belongs to J* 
by definition, from which {Zj n Zj) (1 Sj = 9 because Sj is an open proper 
convex multi-cone in Zj by 1 . of the lemma. 

Noticing that Sj = S Ci Zj and Sj is still a multi-cone, 3. of the lemma 
can be shown by induction. □ 

The following properties of S := S{U, {Gj},e) are easily verified. 



37 



1. For any j and z € 5, we have fJ,j{z, (0, 1]) C S. 

2. For any z & Sj {I < j < £), there exists a point z € S satisfying 
^ij{z,0) = z. 

For a J = {ji, j2, • • • , Jm} G ^(Z^), we set 

Then the above properties (1) and (2) also hold for these multi-actions. 
Lemma 7.2 Let J G Vil^e) and S := S{U,{Gj},e). 

1. For any z £ S, we have fij{z, (0, 1], ... , (0, 1]) C 5. 

2. For any z € Sj, there exists z £ S with fij{z, 0, . . . , 0) = z. 

Proof. The claim 1. is easy. We prove 2. by induction with respect to the 
number of elements of J. Assume #J > 1 and fix an element k € J. The 
set Sk is the multi-cone S(U D Z^, {Gj}j£j*, e) in Z^- Here J* was given in 
(|7.ip . Noticing that Z^ C Zj if Ij n 7^ 0, we have 

Sj = {Sk)j'-nJ- 

Then, by induction hypothesis, we can find zq £ Sk satisfying 

^ = /^J*nj(^o,0, ...,0) 

where IJ-'jt^^j is the multi action in Zk defined by We can also find 

Zi £ S with //fc(zi,0) = zq. As the restriction of to Zk coincides with 

Mj*nJ' have 

^ = ^(J*nj)u{fc}(^i7 0, . . . , 0). 

Since //j(z,0) {j £ J) is the identity map on Zj, we finally obtained z = 
/ij(2:i, 0, . . . , 0), which completes the proof. □ 

Thanks to the lemma, we have 

Corollary 7.3 Let J £ V{Ze) and S := S{U, {Gj}, e). We have 7rj(5) = Sj 
where ttj : X ^ Zj is the canonical projection defined by (z) (%c) {Ij is 
the complement set of Ij). 

Proof. As 'TTj{z) = fij{z,0, ... ,0) holds, the inclusion Sj C 7rj(S') comes 
from 2. of Lemma [7. 2[ Let us show a converse inclusion. Let z £ ttj{S) with 
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z = iTj{z') {z! G S). Then z'^ := nj{z', A, A, . . . , A) (0 < A < 1) is contained 
in S, and 

lim z'x = nj{z', 0, . . . , 0) = TTj{z') = z. 

Moreover, as lJ,j{z, 0, . . . , 0) is an open map, an open neighborhood of z' con- 
tained in S is mapped to an open neighborhood of z in Zj by iJ,j{z, 0, . . . , 0). 
This imphes z & Sj. □ 

Let J = {ji, ■ ■ ■ , jm} € "Pi^e)-, and let A = (Ai, . . . , A^) be variables of 
parameters for the multi-action ^ := H{i^2,.../} in We denote by Z>q the 
subset of Z>Q consisting of /3 = ^2, • • • , l^t) £ ^>o with fij = if j ^ J. 

Note that Z^q is isomorphic to Zf^ . We set := for ^ G Z^^. When 

/3 belongs to Z>q, we sometimes denote it by d^j to emphasize the fact that 
/3 is an element of ^>o- 

For /3 G Z>Q, we introduce the polynomial of the variables zij with con- 
stant coefficients by 



(7.3) T^j{zi,) := lexp(-/x(z,A))5f .,exp(^(2,A)) 



Here e;^ j G is the point (Ai, . . . , A^) with \j = (j G J) and \j = 1 (j ^ 
J) and the exponential function exp on C" is defined by exp(2;i, . . . , Zn) '■= 
e^i . . . e^" as usual. 

Then, for N = (ni,n2, . . . ,n^) G Z>q, we define a polynomial of zij with 
constant coefficients by 

(7.4) T<^{zi,):= J2 ^j(^^.) 

where j3 <j N \i and only if < for any k € J. Note that if there exists 
no index (5 <j N, then we set Tf^ [zjj) := as usual convention. 

We now give a concrete form of the polynomial Tj^{zij). Let / = 
{ii, . . . , i„j} be a subset of {1, 2, . . . , n}. We denote by Z>q the subset of 
Z"q whose clement is (ai, . . . , a^) with ctj = if i ^ /. For a G Z>q, a 
monomial designates . . . z^". If a belongs to Z^q, we also write it by 
zf. We set 



= "ii H 1- a 
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Lemma 7.4 We have 



(7.5) 



aeA{N) 



where the indices set A{N) is given by 

A{N) := {a G Z>o; < iT'j for any j G J}. 

Proof. Let i G Ij and /3 = G Z^q {Pj = if j ^ J). We first 

assume /3j > 1 for any j £ J. Then we have 



= ( ^exp(-/i(z,A))af ,exp(/i(z,A)) 



dzi 
1 



X=ex 



exp(-/x(z,A))9f J 



JjAjexp(/x(z,A)) 



1 



exp(-/i(z, A))a^ exp(//(z, A)) 



A=e\ 



where ej- = (ej., i, . . . , ej.,^) G Z>o is determined by ej-j = 1 for j G Ji 
and ej-^j = otherwise. This formula also holds for any j3 G Z>q if we set 

t'^{zij) := for /3 = . . . , Pi) G Z-^ with some Pj < (j G J). Hence we 
obtained, for = (ni, . . . , n^) G Zl 



>0' 



i<iV 



r 



<N-ej. 



J 



We prove the lemma by induction with n = ni + • • • + . If n = 0, as 
both sides of the equation (I7.5p are zero by definition, the lemma is true. 

Now we prove the lemma for a general n > 0. Let us consider the system 
of partial differential equations of an unknown function u{zjj) defined by 



(7.6) 



dz< 



■u 



J 



Then, by induction hypothesis, the right hand side of the above equation is 

given by —zf^. Clearly both u = T^^(z/^) and -u = 

aeA{N-ej.) ' a£A{N) 
satisfy the same equation (j7.6p . The solution of (j7.6p is uniquely determined 



if the initial values at zjj = is given. It is easy to see that T<^(0) = 1 if 
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A{N) and T<^(0) = if A{N) = 0. Hence we have obtained ([73]) for 
N. This completes the proof. □ 



Definition 7.5 Let S := {U,{Gi},e) be a multi-cone in X. We say that 
F := ^ total family of coefficients of multi- asymptotic ex- 

pansion along [j Zj on S if each Fj consists of a family of holomorphic 

functions {fj,a{zjc)}^^^ij defined on Sj. Here Ij is the complement set of 
I J {note that Zjc are the coordinates of the suhmanifold Zj). 

Let F be a total family of coefficients defined in the above definition. 
We introduce a map Tpj from polynomials of the variables zij to those with 
coefficients in holomorphic functions on Sj in the following way. Let p{zij) = 
Cazfj be a polynomial of the variable zjj with constant coefficients. Then 

a 

we define Tpj(p){z) by replacing a monomial zf^ in p{zij) with fj^aizjc)zfj 
where fj^a is given in Fj = {/j,q,}, that is, 

(7.7) rF,jiP)i^) ■■=^Co.fjAzjc)zl. 

a 

Note that tfj{p){z) is a holomorphic function on tTj^{Sj), in particular, it 
is defined on 5 C ■7tJ^{Sj) by Corollary 17.31 We set 



(7.8) 

and 
(7.9) 



(F; .) = r^,j(rf ), 

r<^(F; z) := ^ T^{F; z), 

li<jN 



App<^(F;z):= i-l)^*'^'^T<^ (F; 



It follows from Lemma 17.41 that, if |J Zj forms a normal crossing divisor, 

App'"^(F;z) coincides with one defined by Majima in |10| . 

Let us recall the definitions of the sets JdZj and JcZj for j G Z^. 

JdZj '■= {k G Z^; Zk 2 ^j^ there is no m with Zk 2 2 } 
JcZj '■= {k € Z^; Zfc C Zj, there is no m with Z^ C Zm £ Zj }. 
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Then the function wj : Z>q Z {j = 1,2, ...,£) is defined by 

(7.10) wjiN) = nj- "fc 

for N = (ni, n2, . . . , ne) G Z>q. Note that wj takes not only positive values 
but also negative ones. 

Let S' be another open proper convex multi-cone S{U', {G'j},e'). We say 
that S' is properly contained in S if e' < e, U' is relatively compact in U and 
Gj {j = 1,2, ...,£) is properly contained in Gj as a conic cone. 

Definition 7.6 Let f be a holomorphic function on S = S{U, {Gj}, e). We 

say that f is multi- asymptotically developable along [j Zj on S if there 

i<j<i 

exists a total family F of coefficients of multi- asymptotic expansion along 

[j Zj on S that satisfies the following condition. 

\<j<e 

For any open proper convex multi-cone S' = S{U', {Gj},e') properly con- 
tained in S and for any N = (ni,...,n^) G Z>o; there exists a constant 
Cs',N > for which we have an estimate 

(7.11) \f{z) - App<^(F;z)| < Cs',N n dist(^, Zj^^^''^ {z G S'). 

i<j<e 

Let us see some typical examples. 

Example 7.7 Let X = C" with the coordinates {zi,Z2, ■ ■ ■ , Zn) = {zi, Z2, z') 
and Zj (j = 1,2) submanifolds defined by {zj = 0} {i.e. Ij = {j}). Let Gj 
(j = 1,2) be a proper open sector in C and Ur := Bj^ x Bj^ x where 
B^ designates an open ball in with its radius R > and center 0. Note 
that U is a fi-star shape. In this case, the multi-cone S = S{Ur, {Gi, G2}, e) 
is nothing but a poly-sector {Gi x G2 x C"~^) n Ur and we have 

Si = (G2 n B},) X S2 = (Gi n B},) X = ^r'- 

Let F be a total family of coefficients of multi- asymptotic expansion, that is, 
F={F^iy,F{2},F^i^2,}) 

= (^{f{l},k{z2,z')}^^^, {/{2},fc(^l,^')}fe>o. {/{I,2},a(^')}e«ez2 J 
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where /{ij.jt (resp. f{2},k o.nd f{i^2,},a) ^ holomorphic function on Si 
{resp. S2 and 5'{i 2}) respectively. For N = (ni,n2) € Z>o; an asymptotic 
expansion App'^^ {F; z) is given by 



k<ni 



ai<7ii,a2<»i.2 

App<^(F; z) = T<^{F; z) + T<f {F; z) - T<%{F; z). 

As Wj{N) = rij and disi{z,Zj) = \zj\ (j = 1,2), a holomorphic function f 
is multi- asymptotically developable to F if, for any poly-sector S' properly 
contained in S and for any N = (ni,n2) € Z>0) there exists a positive 
constant Cs',n such that 

- App<^(F; z)\ < Cs',N\zir\z2r e S'). 

Hence our definition coincides with that of strongly asymptotic developability 
established by Majima in flUj/ - 

Example 7.8 Let X = C" with the coordinates (zi, 2:2, . . . , Zn) = {zi, Z2, z'), 
and let Z\ = {zi = 0} and Z2 = {zi = Z2 = 0}- In this case, Ii and I2 are 
given by {1} and {1, 2} respectively, and we have Ii = {1} and I2 = {2}. Let 
Gi and G2 he proper open sectors in C. We set Ur := x B"^"^ , which is 
a fi-star shape. The multi-cone S = S{Uji, {Gi, G2}, e) is defined by 

{(zi,Z2,z') G (Gi X G2 X C^r^)nC/; < e|z2|}. 

Then we have 

Si = (G2 n B}j) X S2 = S'{i,2} = B'b^^- 

Let F he a total family of coefficients of multi- asymptotic expansion, which 
consists of 

F = {P{1}^F{2}^P{1,2,}) 

{/{l},fc(^2,2')}fc>0' {/{2},a(^')}„gz|„' {•^{l:2},c.(2')}„gz|j 
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fc<ni 



T<f{F;z)= Yl /m,a(^') 



ai+a2<n2 





App<^(F; = r<f (F; z) + r<f (F; ^) - T<%^{F; z). 



It follows from the definition that we have 



wi{N) = ni and W2{N) = n2 — ni 



and 



dist{z,Zi) = \zi\ and dist{z,Z2 



) ~ l^ll + \Z2 



Hence a holomorphic function f is multi- asymptotically developable to F if, 

for any proper convex multi-cone S' properly contained in S and for any 



One of important features of multi-asymptoticity is stability for differen- 
tiations. 

Proposition 7.9 Let S := (U, {Gi},e) be a proper convex multi-cone in 
X and f a holomorphic function on S. If f{z) is multi- asymptotically 
developable along |J Zj on S, then any derivative of f is also multi- 

i<j<£ 

asymptotically developable along [j Zj on S. 

i<j<t 

df 

Proof. It suffices to show that, for an i G |1, 2, . . . , n|, — — is also multi- 

OZi 

asymptotically developable. We need the lemma below. Let F := {Fj}j^p(z^ 
be a total family of coefficients of multi-asymptotic expansion with Fj = 




{fj,a} 



■I J ■ 
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Lemma 7.10 Let N = (ni,n2, • • • ,n^) S ^>o- Then we have 
d 



dz, 



App<^+(F; z) = App<^(F'; z). 



Here = {n'^, . . . , n^) is determined by n'- = rij + 1 for j with i G Ij and 
n'j = Uj otherwise. The total family F' = {Fj} is given by 

F'j := = {^} (/«^ e ^(^^) ^ ^ 

and 

:= := {/J,a+ej (/or J e P(Z,) mi/i i G /j) 

where Ci € is i/ie ^/nii vector whose i-th element is equal to 1. 

Proof. Let J = (ji, J2; • • • ,jm) G 'Pi^t)- For J with i ^ Jj, as the poly- 
nomial Tf^ does not contain the variable Zi and n'^ = Uj for j € J, we 
have 



5 



Assume that J satisfies i ^ Ij. Then, by the proof of Lemma [7.41 we have 

<^ rp<N+ _ rp<N 



As 



d f dp 



holds for a polynomial p{zij) of the variables zjj, we have obtained 

rF',j{Tr)=T<^{F'; z). 



d_ 

dz; 



□ 



We continue the proof of the proposition. It suffices to consider the case 
* ^ -^{1,2,...,^}- By the lemma, we have 



9/ 

dzi 



App<^(F'; z 



d_ 

dzi 



(/(z)-App<^+(F; z)) 



45 



Let Jo be a unique integer with i £ Ij^^ and S' := S{U',{G'j},e') (resp. 
S" := S{U" ,{Gj},e")) a proper convex multi-cone properly contained in S 
(resp. S'). Then, as dist(z, Zj^^) < e"dist(z, Zj) (z £ S") holds for Zj C Zj^, 
there exists a positive constant k > such that for any point z* G 5" 

(7.12) z* + {ze C"; zk = 0{k^ i), \zi\ < Kmin{l, dist(z*, ZjJ}} C S'. 

Since f{z) is multi-asymptotically developable, there exists a constant Cs',n+ 
satisfying 

\h{z) := f{z) - App<^+(i^; z)\ < Cs',N+ n ^.O'^^'^^^ e ^')- 

Taking (|7.12|) into account and applying Cauchy-integral formula to h{z), 
we get 

n dist(z, 



dh{z) 



dz 



< C 



{z' e S") 



dist(z, Zj^) 

for a constant C > 0. As Wj^^{N) = Wjg{N^) — 1 and Wj{N) = Wj{N-^-) for 
J 7^ Jo ) we finally obtained 



dl 

dzi 



App<^(F'; 



<C Y[ dist(z, 



,10, (TV) 



(. G S") 



This completes the proof. 



□ 



By this proposition and integration by parts, we can obtain the following 
theorem. 

Theorem 7.11 Let S := S{U, {Gj}, e) be a proper convex multi-cone and f 
a holomorphic function on S. Then the following conditions are equivalent. 

1. f is multi-asymptotically developable along [j Zj on S. 



2. For any open proper convex multi-cone S' := S{U' ,{G'^},e') properly 
contained in S and for any a G Z>oj 



dza 



is bounded on S' . 



3. For any open proper convex multi-cone S' := S{U' ,{G'^},e') properly 
contained in S, the holomorphic function fig/ on S' can be extended to 
a C°° -function on (X^ denotes the underlying real analytic manifold 
ofX). 
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Proof. We first show 1. implies 2. By (|7.1ip with = (0, . . . , 0), we obtain 
that / is bounded on S'. Since each higher derivative of / is stiU multi- 



asymptoticaUy developable thanks to Proposition 17.9 
for any a € Z"q on S' . 



dz°' 



is also bounded 



As S' is convex and as / is holomorphic (i.e. 



0), the claim 3. follows 



from 2. by the result of Whitney in | ,19j . Clearly 3. implies 2. Hence the 
claim 2. and 3. are equivalent. 

Now we will show 3. implies 1. Assume that / satisfies 3. In particular, any 
derivative of / extends to S' and is bounded on S'. It follows from Lemma 
Othat for z e S" and < < 1 [j = l,2,...,£), we get /x(z, A) G S'. 
Therefore, for A^ = (ni, . . . , n^) G ^>0) 



ipN{f]z) := ... I 
Jo Jo 

where 



oo piN 



II Kn^.iil-Xj)dXi...dXi 



Knit) :-- 



{ -- 

(n > 0) 



1), 



is well-defined on S' . We define ej = (ej^i, . . . , ej^i) G by ejj = if j G J 
and ejj = 1 otherwise. Then, by integration by parts, we have 

^^{f;z) = f{z)- (-1)*'+' E ^dljf{fi{z,X)) 



,l3<jN 



A=e J 



Hence it suffices to show that ipNif', z) has an estimation which appears in a 
multi-asymptotic expansion. Let us consider coordinates transformation of 
A as Xj = h'j{z)Xj {j = 1,2, . . . ,i) where Vjiz) is given by 



i^j{z) :-- 



1 



\ziA 



(Jc^z, = 0), 
(fce Jcz,). 



Note that Jcz, consists of at most one element. Then we have 



dx^ 



QN 



f 



Zl 



rAji, — 



i<j<e 



\ZL 
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Here, for k G {1,2, ... ,n}, we denote by j{k) the integer j that satisfies 
k G Ij and we set = {j G Z^; A; G Ij}. Since — ^ is bounded on S', Xj 



is also bounded when < Aj < 1. Hence we get 



sup 

AG[0,1]* 



< 



c 



n 

i<j<e 



{z G S') 



for some constant C > 0. By noticing 

1 



n '^riz) 

i<j<e 



II dist(z,Zj)"'^(^) 



i<j<t 



we have obtained a multi-asymptotic expansion of / with desired estimation. 
The proof has been completed. □ 



Let S := S{U,{Gi},e) be a proper convex multi-cone and / a holomorphic 
function that is multi-asymptotically developable along |J Zj on S. Let 

i<j<e 

:= S([/(*^),{Gf^},eW) (A; = 1,2,3,...) be a family of proper convex 
multi-cone properly contained in S, which satisfies 

5(1) C 5(2) c 5(3) c... and U5('=)=5. 



k>l 



Let J G r{Ze). Then 



has a unique Whitney extension (^(*^) on 



S(^) by the above theorem. As |J Sj'^ = Sj, a family |¥'('^-'L{fc) | determines 

fe>i ^ 



a function on Sj, which is holomorphic. We denote it by 



dz"^ 



. Note that. 



Sj 



as Sj is a multi-cone in Zj for a family of submanifolds XJ '■= {Zj n Zj}j^j* 
where J* is given by {j G ^f,Zj ^ Zj}, it follows again from the theorem 

is multi-asymptotically developable 

Sj 



that the holomorphic function 



dz^ 



along U {Zj n Zj) on Sj. 



Proposition 7.12 Let S := S{U, {Gi},€) be a proper convex multi-cone 
and f a holomorphic function on S. Assume that f is multi-asymptotically 
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developable to a family F := {F'j} j^-p(^i,i) coefficients of multi- asymptotic 
expansion with Fj = {fj^a} ^ij ■ Then we have 



(7.13) 



= fj,a (JGP(Z,),aGZ^^o). 

Sj 



In particular, coefficients of multi- asymptotic expansion are unique and they 
are multi- asymptotically developable functions themselves. 

Proof. It suffices to show the proposition for a proper convex multi-cone 
S' := S{U' ,{G'^},e') that is properly contained in S. Moreover, by Proposi- 
tion 17.91 and Lemma 17.101 it enough to show (j7.13p with a = 0. We prove 
the lemma by induction with respect to the number of elements in J. We 
use the same symbol / for a unique continuous extension of / on S' in what 
follows. 

Let J = {j}. By taking N = (ni,n2, . . . ,n^) with Uj = 1 and n/. = 
{k 7^ j), we have 

(7^14) \m - /,„(.,,,)| < Cdist(.,Z,) n 

For z* G 5'j, by Lemma \1.2\ we can find a point z* € S' with fJ,j{z* , 0) = z* . 
Then there exists 5 > such that dist^/j, j{z* , [0, 1]), Z^) > 5 for k with C 
Zj because of z* ^ Z^ (2. of Lemma l7.ip . Hence, by putting z = fj,{z*,\) 
into ([714]) and letting A ^ 0+, we get f{z*) = fjfi{z*). This shows (j7T3]) 
with a = 0. 

Let J € ViZi) with #J > 1, and let J* be a subset of J consisting of 
j E J such that Zj is a minimal submanifold in {Zk}k&j with respect to the 
order C. Set = (ni, n2, . . . , ni) with Uj = 1 if j € J and Uj = otherwise. 
Then, by noticing dist(z, Z^) < e'dist(2;, Zj) if Zj C Z^, we have 

f{z)+ J2 {-i)*''fj',o{^ij>) + {-i)*'fj,o{^ij: 

^^■^^^ ^^rr dist(z,Zj; 



.p;* n dist(z,Zfc) 



By induction hypothesis, for J' C J, the coefficient /j'^o ^-Iso has a unique 
continuous extension on S'j, satisfying fji^ = f\-gi-- Hence, noticing S'j C 



49 



S'j, n Zj due to 2. of Lemma |7. 11 we have 

f{z)+ (-1)*^7j',o(^/,,) = (-1)*^+V(^) z^S'j. 

Let z € S'j and z* a point in S with /ij(0, . . . , 0; z*) = z. Then, by putting 
z = fij{z* , X, . . . , X) into (|7.15p and letting A — ?• 0"*^, as the right hand 
side of (I7.15P tends to by the same reason as that for = 1, we have 
/j,o(^) = fi^)- This completes the proof. □ 

Let us extend the notion of a consistent family of coefficients of strongly 
asymptotic expansion defined by Majima in [lOj to our case. Let S := 
S{U, {Gi},e) be a proper convex multi-cone and F := {Fj} j^^^^^^ a family 
of coefficients of multi-asymptotic expansion with Fj = „/j . For 

a proper convex cone S' := S{U' ,{G'j^},e') properly contained in S, we can 
consider the natural restriction F\gi of F to S". Moreover we can also define 
the restriction of F to a submanifold. Let J € ViJLg) and a S Z>q. Then 
the restriction -F|j,q of F to Zj is defined as follows. 

Let J* := {j G 'Lf.Zj ^ Zj\ and /* = Ij \ Ij (j £ J*). We assume 
J* ^ 1) and denote by S* the proper convex multi-cone Sj in Zj. Then for 
K € V{J*) \ 0, a family Ft := {ft } i* of holomorphic functions on 

C Zj is defined by 

/E',a,7 = fjUK,{a,-y)\Zj 

where (a, 7) £ Z be considered as an element in '^^q^ by the 

identification Z^-' x Z^a- = 1j^J'^'< . Then the restriction F\j^a of F is defined 
by a family {F^^Jk&v{J')\<D- 

The restriction F\j^a gives a family of coefficients of multi- asymptotic 
expansion along submanifolds {Zj D Zj}j<^j* in Zj on the proper convex 
multi-cone S* = S{U fl Zj, {Gj}j^j*, e) C Zj. 

Definition 7.13 Let S := S{U, {Gi}, e) be a proper convex multi-cone and 
F := {Fj} j^p^^^^ a family of coefficients of multi- asymptotic expansion with 
Fj = „/j . We say that F is a consistent family of coefficients of 

multi- asymptotic expansion along |J Zj on S if the following conditions 

i<j<e 

are satisfied. 

1. For any J G ViTji) with J* := {j G Z^; Zj ^ Zj} ^ and for any 
a G Z>Q, a holomorphic function fj^a on Sj is multi- asymptotically 
developable to the family F\j^a along {Zj Pi Zj}j^j* on Sj. 
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2. For any J and J' € V{'Li) with Sj = Sji, we have Fj = Fji . 

The following corollary immediately follows from Theorem 1 7 . 1 1 1 and Propo- 
sition [71^ 

Corollary 7.14 Let S := S{U,{Gi},e) be a proper convex multi-cone and 
F a family of coefficients of multi- asymptotic expansion along (J Zj on S. 

// some holomorphic function on S is multi- asymptotically developable to F, 
then F is a consistent family of multi- asymptotic expansion. 

Let S' := S{U' , {G[}, e') be a proper convex multi-cone properly contained 
in S, and let F := {Fj} be a consistent family on S with Fj = „/j . 

By Theorem 17. m each Fj can be regarded as a Whitney jet on Sj. (see 
[TT] for Malgrange's definition of a C°°-Whitney jet). As 5^ n = S'j^j, 
holds (J, J' G ViTji)), Whitney jets defined by Fj and Fj' coincide on the 
set S'jyjji by Proposition 17.12] 

Therefore, as U 5^ = ( U ) holds by Lemma EH it follows 
from Theorem 5.5 of |11) that we obtain the Whitney jet defined on S' fl 



[j Zj \ whose restriction to Sj is equal to one defined by Fj. Hence we 
have obtained the following proposition. 

Proposition 7.15 Let S := S{U,{Gi},e) be a proper convex multi-cone 
and F := {Fj} a family of coefficients of multi- asymptotic expansion along 

y Zj on S with Fj = {/ja} ij ■ Then the following conditions are 
i<j<i ' °"^^>o 

equivalent. 

1. F is consistent. 

2. For any proper convex cone S' := S{U', {Gi},e') properly contained in 
S, the restriction F\s' of F to S' can be extended to a -function on 
X^, that is, there exists a C°° -function (p{z) on such that for any 

J € V{'L() and a € Z~/g we have fj^^ 



for z G Sj. 



8 Multi-specialization and asymptotic expansions 

Let X be a real analytic manifold. We consider a slight generalization of 
the sheaf of Whitney C°°-functions of [9j. As usual, given F G D^{Cx) we 
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set D'F = R'Hom{F,Cx)- Remember that an open subset U of X is locally 
cohomologically trivial (Let. for short) if D'Cu — Cjj. 

Definition 8.1 Let F G ModM.c(Cx) and let U G Op{Xsa)- We define the 
presheaf C^^^ as follows: 

U ^ r{X; H^D'Cu ® F ® ). 
Let U,V e Op{Xsa), and consider the exact sequence 

-J> Cunv C[/ e Cy -J- Cuuv ^ 0, 
applying the functor nom{-,Cx) = H^D'{-) we obtain 

^ H^D'Cunv H°D'Cu H^D'Cy H^D'Cuuv, 

w 

applying the exact functors -(giF, ■'S>Cf^ and taking global sections we obtain 

^ Q;(i7 uv)^ c~'J(y) ^ n v). 



This implies that C^^p is a sheaf on Xga- Moreover if [/ G Op{Xsa) is Let., 
the morphism r(X;C^'") — > r([7;C^|'^) is surjective and RT{U;C^^p) is 
concentrated in degree zero. Let O^F— >-G— >-i?— )-Obean exact 
sequence in ModM-c(Cj5s:), we obtain an exact sequence in Mod(Cxsa) 

(8.1) ^ C^i'^ ^ C^i'- ^ C~'- ^ 0. 

We can easily extend the sheaf C^^p to the case of F G D^_^{Cx), taking 
a finite resolution of F consisting of locally finite sums ©Cy, with V Let. 
in 0])'^{Xga). In fact, the sheaves C^^^^^ form a complex quasi-isomorphic 
to C^^p consisting of acyclic objects with respect to T{U; •), where U is Let. 
in Op%Xsa). 

As in the case of Whitney C°°-functions one can prove that, if G G 
D^_^{Cx) one has 

w 

p-^RHom{G, C~J) ~ D'G ® F ® . 

Example 8.2 Setting F = Cx we obtain the sheaf of Whitney -functions. 
Let Z be a closed subanalytic subset of X. Then C'^^^^^^ is the sheaf of Whit- 
ney C°° -functions vanishing on Z with all their derivatives. 
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Notations 8.3 Let S be a locally closed subanalytic subset of X. We set for 

iCxD,W 

x\Cs- 



short C^^g instead of C 



Let X = {^1, ■ ■ ■ , Ml} be a family of closed analytic submanifolds of 
X satisfying H1-H2-H3, set M = |Ji=i Mi and consider X. Consider the 
diagram (jl.Sp . 

Set F = Cx\M) G = Cx, H = Cm iii (IS.ip . The exact sequence 
induces an exact sequence 

(8.2) U ^ ^X\X\M -^"x^X ^X\M 

in fact let ^ be a l.c.t. conic subanalytic subset of X and U S Op{Xsa) 
such that Cy.{X \ U) OV = 2), then we can find a l.c.t. U' C U satisfying 
the same property. Applying the functor to the exact sequence (j8.2p we 
obtain the exact sequence 

u ^ p u.^ '-'x\X\M ^ P ^x^X ^ P '^x ^X\M ^ ^' 

where the surjective arrow is the map which associates to a function its 
asymptotic expansion. 

Let X be a complex manifold and let X^ denote the underlying real ana- 
lytic manifold of X. Let x = {^i, ■ ■ ■ , Z^} be a family of complex subman- 
ifolds of X satisfying H1-H2-H3 and set Z = Ui=i ^i- Let F G D^_^{Cx)- 
We denote by the sheaf defined as follows: 

^x\F ■= R'^omp,j,-{p,Oj^,C'^^Jp). 

Let 0— >Obean exact sequence in ModiR_c(Cx)- Then the 
exact sequence (jS.ip gives rise to the distiguished triangle 



(8.3) ^o-^a^O-^^^. 

Setting F = Cx\Zi G = Cx, H = Cz in (j8.3p and applying the functor 
of specialization, we have the distinguished triangle 

(8.4) ^ P^'^r^l ^ P^'^Oxiz ^ • 

The sheaf p^^v^O^ is concentrated in degree zero. This follows from the 

w 

following result of [4]: ii U e Op(Xs a) is convex, then i?r(^; C^j ^ Ox) is 
concentrated in degree zero. 
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Proposition 8.4 Outside the zero section, the flat specialization along Z : = 
ZiU---UZe 

P ^X\X\Z 

is concentrated in degree zero. 
Proof. Set 

Ij = {ij,i,---,ij,m,} (i = 1,2, ...,£). 
Moreover, by a rotation of the coordinates, we may assume tliat 

Ij = • • • , ij,mr} {rn'j < mj). 

We can identify C^^ with {Tz^L{Zj))o. Let pj = (1, 0, . . . , 0) € {Tz^L{Zj))o. 

Under the above identification, pj is the point in C^J with Zi. ^ = 1 and 

Zi.^=0{l<k< m'j). Let Gj be closed proper convex cone in C^J with 
direction pj, which is defined by 

{{zj^i,. . . ,Zj^^>^) G C^J; \zj^i\ < e, |arg(zj,i)| < e, \zj^k\ < ekj,i|, k > 2}. 

Let us define G as the product 

G := Gi X G2 X ■ ■ ■ X Gi X B„ 

where Gj G C^J and is a closed ball in C""^^=i ""^ . Set 

T := {2 G C"; Zi,^^ = 0} U • • • U {z G C"; = 0} 
= {ze C"; z,,,, • • • = 0}. 

As 

Gj n {{zi^^, , . . . , , ) G C^^ ; Zi^,, = 0} = {0} 

holds, we have 

G\T={Gi\{0})x---x{Ge\{0})xB,. 

w 

Therefore, by Proposition 5.4 of [8] Rr{X,CQ\x ® Ox) is quasi-isomorphic 
to 

where M denotes the topological tensor product of [5j. It is well known that 
each i?r(C ^; Cc^.^jo} ® Ox), j = 1, • • • is concentrated in degree zero. It 
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is a consequence of the Borel-Ritt theorem. 



Let us consider the the holomorphic map f : X ^ X 

f{zi,...,Zn) = {fi{z),...,fn{z)) ■= { { Y[ %i 1 ^l'---' 

\ \j6Jl / \jeJn 

where, for k £ {1,2, ... , n}, 

Jk:= {j e{l,2,...,e}; kGlj, k <^ Ij}. 

Clearly flc is a proper map {G is compact). We can also prove that / 
induces an isomorphism on X \ T. Moreover we have 

p G G n T ^ f{p) G f{G) n (Zi U • • • U Ze). 

Therefore we get 

Rf\CG\T = C/(G)\(ZiU-UZ^)- 
It follows from Theorem 5.7 of [8j that we have 

w w 

RT{X; RUomv^ (^^i,^' Cg\t ® Ox) ^ Rn^'X m\[z,u-uz,) ® Ox)- 

Set ip := i^jj 1 ' ' ' ■^iii- Let Ox,ip denote the sheaf of meromorphic func- 
tions whose poles are contained in {(p = 0} (i.e. Ox,i^ = Ox[z^^^^, • • • , 

w 

and we set Vx^ip '■= Ox,Lp ® T^x- As Cqxx ® Ox is a Djcvp-module and 

Ox 

D f is left pseudo-coherent over T^x, we have 

W W 

RnornvxCD^j^^^CcXT^Ox) ^ RnomvxJ'Dx,^^^'D^^^,CG\T®Ox). 



We also have 



As a matter of fact, "D t is given by 



XAX Vxxxiwi - hiz), ...,Wn- fn{z), ^1 



) • • • 5 "nj 



where {wi, . . . , Wn) is a system of coordinates of the second X and the vector 
field 9k {k = 1,2, . . . ,n) is defined by 



? ■= ^ + y^— — 

dzk ^ dzk dwi ' 

1=1 
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We denote by Jj the Jacobian of /. Since / gives an isomorphism outside T, 
we have ^ outside T, which impUes Jj = h for some /3j > 

j = 1, . . . ,i and for some h with /i(0) ^ 0. Hence, as Jf has an inverse in 
ip, we conclude that T>x,ip ® V t \s a, free Vx^^p module of rank 1. 

Hence we have obtained 

w w 

RV{X- Cg\t ^ Ox) ^ ^r(X; Cj(G)\(ZiU...uz,) ® Ox). 

w 

This implies that Rr{X;Cj-(^Q^\(^ZiU---uZi) ^ Ox) is also concentrated in de- 
gree zero. Since /(G) contains S for some multi-cone 5*, and since , for a 
given multi-cone S, there exists a G such that S contains f{G), we have the 
required result. □ 



Proposition 8.5 The distinguished triangle (|8.4p induces an exact sequence 
outside the zero section 

(8.5) ^ ^ p-^H%^^^0\ ^ OIi^ ^ 0. 

i/ie terms are concentrated in degree zero. 

Proof. The exactness of the sequence (|8.5p follows from Proposition 18.41 and 
the fact that outside the zero section p~^v^O'^ is concentrated in degree 
zero. This also proves the vanishing of the cohomology of degree > 1 of the 
three terms. □ 

We give a functorial construction of multi-asymptotically developable func- 
tions using Whitney holomorphic functions. Let U be an open l.c.t. subana- 

w 

lytic subset in X. Then r(C7;C^^") ~ r(X; Cjj^Cf^) is nothing but the set 

of C°°-Whitney jets on U. Further H^{U] 0\) ~ H^{X- Cjj ® Ox) consists 
of C°°-Whitney jets on U that satisfy the Cauchy-Riemann system. There- 
fore, if a proper convex multi-cone 5* := S{U,{Gj},e) is subanalytic, the 
set of holomorphic functions on S that are multi-asymptotically developable 
along Z is equal to 

w 

hm T{X-Csr®Ox) 

S'ccs 

where S' runs through the family of open subanalytic proper convex multi- 
cones S(U', {G'j}, e') properly contained in S. Moreover, by Proposition 
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I7.15| the set of consistent families of coefficients of multi-asymptotic expan- 
sion is given by 

w 

^ r(X;Cs7n^®Ox). 

s'ccs 

Let W be an open convex subset hi Zi f] ■ ■ ■ and Gj an open proper 
convex cone m C^^ (j = 1,2,...J). Using these W and {Gj}, we define an 

(M+)'^-conic open subset V{W, {Gj}) in x Tz, tx(^i) by 

W xGiX-- - xGeC (r\Z,) x x . . . ~ x Tz-UZA 
Note that a family of open sets of type {Gj}) forms a basis of topol- 

o 

ogy for (M+)^-conic sheaves on x Tz A{Zj). We define the presheaves 

A<^, and A9,^ on x TzAZj). For an (R+)^- conic open let V := 
V{W,{Gj}), we set 

r(y;^<°) = In^ {/ e 0{S{U, {Gj},e)); f is multi-asymptotically 

U,€>0 

developable to zero along Z on S{U, {Gj},e)}, 

T{V]A^) = lii^ {/ G 0{S{U, {Gj},e)); f is multi-asymptotically 

U,t>0 

developable along Z on S{U, {Gj},e)}, 
T{V; A^^) = lin^ {F; F is a consistent family of coefficients of 

U,e>0 

multi-asymptotic expansion along Z on S{U, {Gj},e)}, 

where U ranges through the family open convex neighborhoods of W which 
are a //-star shape. Let us consider the multi-specialization of Whitney 
holomorphic functions. We have 

V U' 

T{V-p-^v'^-0\) = ^lii^r(C/';0^), 

V U' 

V U' 
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where V' ranges through the family of subanalytic open cones such that 
WXZ C V, U' ranges through the family of Op{Xsa) such that C^{X\U') H 
V' = $. 

The identity morphism induces morphisms of presheaves 

A^ ^ P^V-Ol, 
The above morphisms are isomorphisms in the stalks (i.e. in the limit of 

o 

multi-cones containing a given direction p € x T z - i^viZ j)) . Let A^^ 

x,i<j<£ ^ ^ ^ 

(resp. A^, resp. A'^^) be the sheaves associated to A"^^ (resp. A^, resp. 

A^^). We get 

A<' ^ p-H^O-^\x\z, 
A^ ^ p-^u^^^Ol, 

By Proposition 18.51 outside the zero section we have the exact sequence of 
sheaves 

^ A<^ -^-A^^ A^^ 0. 

When Z forms a normal crossing divisor, these sheaves are nothing but 
sheaves of strongly asymptotically developable functions defined by Majima 
in [To]. 

Appendix 

A Conic sheaves 

Let A; be a field. Let X be a real analytic manifold endowed with a subana- 
lytic action /i of M"'" . In other words we have a subanalytic map 

H : X xR+ ^ X, 

which satisfies, for each ^1,^2 € 1^"'": 

H{x,tit2) = fj,{n{x,ti),t2), 
/i(x, 1) = X. 
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Note that /j, is open, in fact let U G Op{X) and (ti,t2) e Op(M+). Then 
li{U, (ti,t2)) = UtG(ti ia) /^(^i^)) ^iid n{-,t) : X X is a homeomorphism 
(with inverse We have a diagram 

X X xR+ X, 
p 

where j(x) = (x, 1) and p denotes the projection. We have iJ,oj=poj = id. 

Definition A.l (i) Let S be a subset of X . We set R+S = ii{S,R+). If 
U G Op(X), then M+?7 G Op{X) since fi is open. 

(ii) Let S be a subset of X. We say that S is conic if S = In other 

words, S is invariant by the action of fi. 

(Hi) An orbit of ^ is the set M+x with x E X. 

We assume that the orbits of ^ are contractible. For each x & X there are 
two possibihties: cither M+x = re or M+x ~ M. 

Definition A. 2 We say that a subset S of X is R'^ -connected if S HR'^x is 
connected for each x & S. 

Lemma A. 3 Let 81,82 C X and suppose that 82 is conic. Then R'^(8i fl 
82) = M+zSi n (ii) If 81 and 82 are R'^ -connected, then 81 fl 82 is M"*"- 
connected. 

Proof, (i) The inclusion C is true since R+{8i D 82) C R+8i, i = 1,2. 
Let us prove 3. Let x G M+5i n ^2. Then there exists a G M+ such that 
IJ-{x,a) G 81. Since ^2 is conic fi{x,a) G -S'2 and the result follows. 

(ii) Let xi,X2 G 6*1 H ^2. Then Xj = ii{x,ai) for some x G X and 
some Oi G R'^ , i = 1,2. Suppose ai < 02- Since 81,82 are R+-connected, 
i = 1,2 and the orbits of are either points or isomorphic to R, we have 
fi{x, [01,02]) £ 8i i = 1,2 and the result follows. □ 

Let X, Y topological spaces endowed with an action {fj,x and /xy respec- 
tively) of R+. 

Definition A. 4 A continuous function f : X is said to be conic if for 
each X G X, a G we have f{iix{x,a)) = ^Y{f{x),a). 

Lemma A. 5 Let f : X Y be a conic map. (i) Suppose that 8 G Y is 
R''' -connected (resp. conic). Then f~^{8) is R^-connected (resp. conic), 
(ii) Suppose that Z C X is conic. Then f(Z) is conic. 
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Proof, (i) Let xi,X2 € f~^{S) and suppose that there exists x & X such 
that xi,X2 € i.e. Xj = fix{x,ai), ai £ M+, z = 1,2. Since / 

is conic we have /(xj) = /iy(/(x),aj) € /iy (/(x), M"'") n = /(^(x,]R+) PI 
f~^{S)). Suppose ai < a2- Since S is M^-connected /i(/(x), [ai, 02]) C 
5, hence /i(x, [ai, 02]) C /"^(/(^(x, [ai, 02]))) = /~^(^(/(x), [ai, 02])) C 

If Sis comcthen fifixirHS),^^)) = f^YifirHS)),^^) = fiYiS,R+) = 
S, hence fi{f-\S),R+) = f-^{S). 

(ii) We have /iy(/(Z),M+) = /(m(Z,M+)) = f{Z). □ 



Definition A. 6 ^4 sheaf of k-modules F on Xsa is conic if the restriction 
morphism T(R'^U; F) — )• T(U;F) is an isomorphism for each -connected 
U G Op%Xsa) with R+U G Op(X,„). 

(i) We denote by M.od^+{kxga) subcategory of Mod{kxga) consisting 
of conic sheaves. 

(ii) We denote by D^+{kxsa)> subcategory of D^{kxsa) consisting of 
objects F such that H^{F) belongs to Mod^+{kxga) /""^ '^^^ 3 ^ ^• 

Assume the hypothesis below: 

'(i) for any U G Op^„(A) we have R+U G Op(A,a), 

(ii) for any x G A the set M+x is contractible, 
(A.l) J V ; J 

(iii) there exists a covering {VnjneN of Xsa such that 
Vn is M^-connected and Vn CC Vn+i for each n. 

The fohowing result was proven in [15j. 

Proposition A. 7 Assume (jA.ip . Let U G Op(Asa) be R+ -connected and 
such that R+U £ Op(Asa). Let F G L'^+(/cx,J- Then 

RV{R+U;F) ^ RT{U;F). 

B Multi-conic sheaves 

Let A be a topological space with I actions {^J'iYi=i of M+ such that fii{fij{x, tj),ti) = 
jjLj{lJii{x,ti),tj). We have a map 

: A X (M+)^ ^ A 

{x,ti,...,te) ^ ne{x,te),...,ti). 
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Definition B.l (i) Let S be a subset of X. We set R+S = Hi{S,R+). If 
U G Op{X), then R^U G Op{X) since fii is open for each i = 1, . . . ,i. 
(ii) Let S be a subset of X. Let J C {1, ...,£}. We set 

M+5 = M+ •••M+5 = /ii,(---/Xi,(5,M+),...,M+), G J. 

We set {R+yS = ^^S = n{S, (R+Y). If U e Op{X), then R+U G 

Op{X) since jjLi is open for each i G {1, . . . ,i}. 

(Hi) Let S be a subset of X. We say that S is i-conic if S = (R'^YS. In 
other words, S is invariant by the action of fii, i = 1, . . . ,i. 

Definition B.2 (i) We say that a subset S of X is R^ -connected if SOR'^x 
is connected for each x G S. 

(ii) We say that a subset S of X is (R'^Y -connected if there exists a per- 
mutation a : {1, . . . — )■ {1, . . . ,i} such that 



(B.l) 



S is R~^,T, -connected, 

(7(1) ' 

M^z-inS" is R^,„-,- connected, 

(t(1) cr(2) ' 



i'^,^. ■ ■ -M^,, ^-.S is R'^ , ..-connected. 



The following results follow from the case i = 1. 

Lemma B. 3 (i) 81,82 C X and suppose that S2 is (M+)^-conic. Then 
{R+Y{Si n S2) = {R+YSi n S2. (11) If moreover Si is {R+Y -connected then 
Si n 5*2 is {R+Y -connected. 

Remark B.4 In (ii) of Lemma we have to assume that S2 is {R+Y- 
conic. Indeed it is not true that the intersection of two [R+Y -connected is 
(R+Y -connected in general. 

Let X,Y topological spaces endowed with £ actions {fixi}i=i, {^yi}i=i of 



Definition B.5 A continuous function f : X ^ Y is said to be i-conic if 
for each x ^ X , a ^ R+ we have f{fixi{x, a)) = ^Yi{f{x),a), i = 1, . . . ,i. 

Lemma B.6 Let f : X ^ Y be a i-conic map. (i) Suppose that S C Y 
is (R+Y -connected (resp. (R+Y-conic). Then f^^{S) is {R+Y -connected 
(resp. {R+Y-conic. (ii) Suppose that Z C X is {R+Y-conic. Then f{Z) is 
(R+Y-conic. 
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Definition B.7 A sheaf of k -modules F on Xsa is i-conic if it is conic with 
respect to each /Xj. 

(i) We denote by Mod(^^+y{kxaa) subcategory ofMod{kxsa) consisting 
of £- conic sheaves. 

(a) We denote by D^-^^yikx^a)! subcategory of D^{kxsa) consisting of 
objects F such that H^[F) belongs to yiod(^+Y{kxsa) f^''" J ^ ^• 

Let us assume the following hypothesis 

(i) every U € Op^^(X) has a finite covering consisting 
of (M+)^-connected subanalytic open subsets, 

(ii) we have R+U G Op(X,„) for any U G Op^„(X) 
(B.2) { and any J C {!,... ,^}, 

(iii) M^x is contractible for any x £ X and any i = 1, . . . ,i, 

(iv) there exists a covering {KijneN of Xsa such that 
Vji is (M+)^-connected and Vn CC for each n. 



In this situation the orbits of /ij, i = 1, . . . , ^ are either 



or . 



^x = X. 



Proposition B.8 LetU G Op{Xsa) be {R+Y -connected. Let F G D^^-^+y{kx,J. 
Then 

RT{{R+YU;F) ^ RT{U;F). 

Proof. Suppose that U satisfies (jB.ip . By Proposition IA.7I we have 

RTiU; F) i?r(R+ ^)C/; F) ■ ■ ■ ^ R^iKu) ' ' ' Kie)^; F) 

andM+(^)---]R+,^[/ = (M+)^[/. □ 

If X satisfies ()B.2p (i)-(iv), then it follows from Proposition IB.8I that for 
^-conic subanalytic sheaves it is enough to study the cohomology of the sec- 
tions on £-conic open subsets. 

Let ^ < n be actions of on M" defined by 

. (s^x, . . . , Xfi, Cj) I y (cijXx, . . . , CiijXn), 
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where Cij = 1 if j ^ /j, Cij = cj € M+ if j € /j. We assume the following 
hypothesis 

(B.3) Either li C Ij, Ij C li or li n = holds (i, j = 1, 2, . . . , £). 
(B.4) U fori = l,2,...,l 

Definition B.9 Let i,j = l,...,i. When li r\ Ij = $ the actions fii and Hj 
ar said to be orthogonal and we write fiiJ-fij. 

Lemma B.IO Each globally subanalytic U G Op(M"^) has a finite covering 
consisting of globally subanalytic {M.^Y -connected open subsets. 

Proof. We may assume that U is connected. We will prove the assertion in 
several steps. In the rest of the proof we write for short subanalytic instead 
of globally subanalytic. 

(i) First of all, as in |15| . let us prove the case i = 1, i.e. there exists a 
finite open covering of U with Ua subanalytic and M+-connected. Let 

us consider an action 

/i : M*" X R"-™ X M+ ^ 

(xi , . . . , Xm, Xm+1 ) • • • ; Xji, A) I y (Axi , . . . , XXjn , , • • • , S^n) • 

Let us consider the morphism of manifolds 

if : S'"-i X M X M"-" ^ M" 

{'d,r,z) ^ {ri{{}),z), 

where i : S™-"^ ^ denotes the embedding. The map (p is proper and 
subanalytic. The subset (f~^{U) is subanalytic in M™ x S""^ x M. 

(ia) Let us consider a cylindrical cell decomposition of (p~^{U \ Z) (for 
the definition see [3]) with respect to the fibers of the projection vr : 
S"-i X R X M"^" S"-i X M™-". Each ceh D is defined by 
if, a) ■= {ix,y); f{x) < y < 9{y)}, where f,g:D'^R are sub- 
analytic functions and D' is a cell of it{U). Consider h : D' —y M, 
f < h < g, for example h = Extend the graph of /i to /i on an 

open subanalytic neighborhood U' of D' such that the graph of h is 
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contained in U . For p £ U' set let {m{p), M{p)) be the connected com- 
ponent of TT~^{p) n U containing h{p). The functions m, M M 
are subanalytic and the open set Uo = |Jpg(y/(m(p), M(p)) has the 
required properties. In this way we obtain a finite covering {Wj}j^j 
of ip^^{U \ Z) consisting of M+-connected subanalytic open subsets. 

(ib) Let p G 7r((/7~"'^(C/ fl Z)). Then 'K^^{p) Pi C/ is a disjoint union of in- 
tervals. Let us consider the interval M(p)), m{p) < M{p) G M 
containing 0. Set Wz = {(p, "r) € U\ m{p) <r < M{p)}. The set Wz 
is open subanalytic, contains ip~^{U Pi Z) and its intersections with 
the fibers of vr are connected. Then (p(Wz) is an open M^-connected 
subanalytic neighborhood of U D Z and it is contained in U. 

By (ia) there exists a finite covering {(p{Wj)}j^j oiU \Z consisting of M"""- 
connected subanalytic open subsets, and (fiWz) U Ujgj V'(^j) — ^ ■ 

(ii) Suppose that /j fl Jj = for each i, j € {1, . . . ,^}, i.e. all the actions 
are orthogonal. Let U be M^-connected and such that • • ■Wj_^U is Re- 
connected for each j = 1, . . . ,i — 1. We are going to find a finite cover {Ua} 
with Ua M^-connected and such that • • • M.'j_^U is Rj'-connected for each 
j = !,...,£. 

For any subset J = {ii, . . . , ij.} of {1, . . . , ^ — 1} let us consider 



Sj:-- 



k G J, Xj = 0, j € /fc. A; ^ J 



By construction Sj is invariant under /i^. Let us consider Mj" • • • ]R^_-^f/ flSj. 
By (i) it admits a finite covering {Vsj} consisting of M^-connected suban- 
alytic open subsets of Sj. For each /3j consider C/g^ := Mj(V^ x M"J), 
where rij = n — ftUiGJ-^* (hence M"'-' is represented by the coordinates Xk, 
k ^ Ujgj-^*)- We want to show that U fl Upj has the desired properties. 
First remark that by Lemma [El (i) ■ ■ ■M+{U fMJpj) =W[ ■ ■ - M+U irMIpj 
for each j = 1, 1 since f/g^ is conic with respect to /ii, . . . 

by construction. In particular by Lemma IB. 31 it is Rt-connected for each 
j = 1, 1. Moreover ■ ■ ■ W^_^U Pi Upj = Upj which is M^-connected 

by construction. Then U n Upj has the desired properties and the result 
follows. Remark that this proof does not depend on the choice of the per- 
mutation a in (jB.ip . 
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(iii) Let us consider the general case. We argue by decreasing induction 
on {jj, where 

J=\i£ {I,... J}, hn\Jij = 

i.e. J denotes the number of /i, such that ^i-LfJ,j for each j ^ i. If jjj = ^ 
the result follows by (ii). Suppose that the result is true for jjj = 
we shall prove it for jJJ = 0, i.e. there are no actions which are orthogonal 
to all the other ones. Thanks to ()B.3P and ()B.4p . there exists i G {1, . . . ,i} 
such that Ii \ Uj^i Ij 7^ 0. Up to take a permutation of {1, ■ ■ ■ ,i} we may 
assume i = £. Let U be Mj^-connected and such that • • •Mj'_-^C/ is Mt- 
connected for each j = 1. We are going to find a finite cover 

with Ua M^-connected and such that • • • Mj_^Ua is Mt-connected for each 
j = l,...,i. 

(iiia) Given iq G Ie\\Jj^£lj let us consider U' := Uri{xig ^ 0} and consider 
the subanalytic homeomorphism ip of {xi^ ^ 0} given by 

= — if fcGl,- C/,, jy^A 

= X]. otherwise. 

Set //^ = /Xfc o (■(/; X id^ig+'if). By construction we have /U^-L/x^- for each 
J 7^ ^, hence by the induction hypothesis we may find a finite cover 
{Vci\ of ^{U') with the required properties. Then {'>p~^ (Va)} is a finite 
cover of U' consisting of (M"'')^-connected open subanalytic subsets. 

(iiib) By ()B.3P [jj^^j^Ij is a disjoint union li^ U ■ ■ ■ U li^, C 
{1, ... ,£-!}. Set X = {xi), i E lAU^y^-^j^ V = i^j)^ 3 e h^U - ■ - Uli^ 
z = {xk), k ^ Ui^ih- Assume that h \ = {!,..., m}. Set 
5*0 := {x = 0}, and consider Vq := U D Sq. It is an open subanalytic 
subset of ^o, it is "Connected and such that MA--Mt_^Vo is Rt- 
connected for each j = Indeed on 5*0 fJ-e is generated by 
fii, . . . , and hence M]" • • • M^-^Vq is conic with respect to Let 
us consider the morphism of manifolds 

(f : S™~^ X M X M"-™ ^ M" 

{'d,r,y,z) {ri{^),y,z), 

where i : S"*"-^ denotes the embedding. Endow S"*"^ x R x 

M"-™ with the actions fi'^ = /Xj, j = — 1, iJ,'^{'&,r,y, z, X) = 

(■i?, Ar, Xy,z). Then (/? is a conic map. 
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Up to shrink U, we may suppose that ^{U) = (/? ^{U) fl ((/? ^{Vq) x 
M). Denote by tt : S^^-^ x M x M""™ ^ S'""! x M""'" the projection. 
Let p G VJ-^I^t • --^t-i^o)- Then 7r-i(p) n ip'^iRt ' • -K+^^C/) is a 
disjoint union of intervals. Let us consider the interval {m{p),M{p)), 
m{p) < M{p) € M containing 0. Set 



where p e y?-i(M^ • • • M+_^Vb). The set Uq is open subanalytic, con- 
tains U r\ Sq and if {x,y,z) € Uq, then {0,y,z) £ Uq. Moreover by 
Lemma IB. 61 (ii) Uq is conic with respect to //i, . . . , We want 
to show that U D Uq has the desired properties. First remark that 
by Lemma ED (i) M+ • • • R+{U H Uq) = M+ • • • n Uq for each 
j = 1, . . . ,i — 1 since Uq is conic with respect to ^i, . . . , /U£_i. In par- 
ticular by Lemma lB.31 (ii) it is Rt-connected for each j = 1, . . . ,i — 1. 
We prove that • • • M^_-|^C/ (1 Uq = Uq is M^-connected. Suppose 
that {x,y, z), {Xx, Xy, z) G Uq for some A € M+. By construction 
{0,y, z), {0, Xy, z) G Uq. We may assume without loss of general- 
ity A > 1. We argue by contradiction. Suppose that there exists 
1 < /i < A such that {^x,fj,y,z) ^ Uq. Since Uq is conic with re- 
spect to /Xjj , . . . , /Ujj, , for each t G M"'' we have {fix,tfiy, z) ^ Uq. Set 
t = X/fj,. Then {fj,x,Xy,z) ^ C/q which leads to a contradiction since 
by construction {fj,x,Xy,z) G Uq for each ^ G (0, A). 

Hence we have found coverings of C/ Pi {xj^. 7^ 0} for each G /j \ Ujyi 
and a neighborhood of [/ n 5o with the required properties. Then the result 
follows. □ 

Lemma B.ll Let Z be a globally subanalytic (M+)^ -conic subset, and let V 
be a globally subanalytic (K'^Y -conic open subset of Z . Then each subanalytic 
neighborhood W ofV in M" contains W G Op(M"„) such that: 



Proof. We argue by induction on the number i of actions. Up to shrink W 
we may suppose that W D Z = V . 




(B.5) 




(i) W is (W^Y -connected, 

(ii) Mj" • • • is subanalytic. 
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(i) Let us consider the case £ = 1. Let us consider an action 

: X M"-™ X M+ ^ M" 

There are two possibilities: 

(ia) V^{(}}x R", 

(ib) 1^ C {0} X M"-"*. 

Let us consider the morphism of manifolds 

ip : S™-^ X M X M"-"' M"" 

{■d,r,z) ^ (r-i(i?),z), 

where i : M"* denotes the embedding. Denote by tt : x M x 

^n-m _^ gm-1 ^ ]^n-m ^j^g projection. 

(ia) Let p e (/7^^(1F) n {r = 1}. Up to shrink W, wc may suppose that 
ip~^{W)ri{r = 1} is globally subanalytic. Then ■K^^{p)riW is a disjoint 
union of intervals. Let us consider the interval {m(p) , M (p)) , m(p) < 
M{p) e M containing 1. Set W = {{p,r) G ip^^{W); m{p) < r < 
M{p)}. Remark that in the case p G ip~^{V), if G {m{p), M{p)), then 
{m{p),M{p)) = R since V is conic. The set W' is open subanalytic, 
contains (p^^(V) and its intersections with the fibers of vr are connected. 
Then ip{W') is an open M+-connected subanalytic neighborhood of V 
and it is contained in W. Moreover, since ip''^{W)r\{r = 1} is globally 
subanalytic, then R+ip{W') = ip{R+W') = ip{R+{W' fl {r = 1})) is 
globally subanalytic. 

(ib) Let p G ip-'^{V) C {r = 0}. Then 7r-i(p) n W is a disjoint union of 
intervals. Let us consider the interval (m{p), M(p)), m{p) < M{p) G M 
containing 0. Set W = {{p,r) G U; m{p) < r < M{p)}. The set 
W' is open subanalytic, contains (p''^{V) and its intersections with 
the fibers of vr arc connected. Then (p(W') is an open ]R+-connected 
subanalytic neighborhood of V and it is contained in W. Moreover, 
R+<p(W') = ip{R+W') = (fiiW n{r = 0}) X M) = ip{7r-\^-'^{V))) is 
globally subanalytic. 

(ii) Suppose that Ij fl/j- = (i.e. //j-L/Xj) for each i,j G {1, . . . ,£}. Let W 
be a subanalytic neighborhood of V which is Mj'-connected and such that 



67 



• • • M+_iVF is M+-comiected for j = 1, 1. Suppose that 

■■ X M"-™ X M+ ^ M" 
(xx , . . . , Xj72^i ) • • • 1 , A) I y (Axi , • • • , Ax,^ j X^+l ; • • • j S^n) ; 

and consider the morphism of manifolds 

if : S'"-i X M X M"-'" ^ 

(T?,r,z) (H(t?),2;), 

where i : S"^~^ ^ M™" denotes the embedding. Following the construc- 
tion of (i), M'^ ■ ■ ■M^_-^W contains a neighborhood W' of V which is Re- 
connected and conic with respect to Hi, ■ ■ ■ By Lemma IB.3I (i) we 
have • • •M+(Ty n W) = ■ --R+W n W , j = 1, . . . ,£ - 1, hence by 
Lemma lB.31 (ii) the set W D W has the desired properties. 

(iii) Let us consider the general case. We argue by decreasing induction 
on tJJ, where 

J=\i€ = 

i.e. J denotes the number of /ij such that /ij-L/ij for each j ^ i. If fj J = £ the 
result follows by (ii). Suppose that the result is true for = 1, we shall 

prove it for (| J = 0, i.e. there are no actions which are orthogonal to all the 
other ones. Thanks to ()B.3P and ()B.4p . there exists i G {!,...,£} such that 
liW Jj^i h 7^ ^- Up take a permutation of {1, ...,£} we may assume i = i. 
By (|B.3P UijCie is a disjoint union /jjU- • -U/j^, {ii, . . . ,4,} C {1, . . . ,£-!}. 

Set X = (xj), i G hWJj^^Ij, y = (xj), j G li^U- • -U/j^ z = (xfc), A: ^ ULi -^i- 
Assume that Ii \ {Jj^L^Ij = {1, . . . ,1^}. Let us consider the morphism of 
manifolds 

(f : §"^-1 X M X M"-'" ^ 

where i : S™"^ ^ denotes the embedding. Let be a subana- 
lytic neighborhood of V which is M^-connected and such that • • • Mj_j^VF 
is M+-connected for j = — 1. Following the construction of (i), 

• • • Me_-^Ty contains a neighborhood W of V which is M^-connected and 
conic with respect to fii, . . . , fJ-e-i- Then, arguing as in Lemma IB.IOI (iii)]-, 
W n W has the desired properties. □ 
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Theorem B.12 Let {fJ-i}f^i, i < n be actions o/M+ on M" defined by 

where Cij = 1 or Cij = cj G M""" satisfying ()B.3P and ()B.4p . Then M" satisfies 

Proof. ()B.2p (i) follows from Lemma fB. 101 (\B.2h (ii) follows from the fact 
that /ij is a globally subanalytic map for i = 1, . . . ,i, hence if U is globally 
subanalytic M+) is still globally subanalytic, (iii) and (iv) are trivial. □ 
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